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Abstract— ”THIS PAPER IS ELIGIBLE FOR THE STU-
DENT PAPER AWARD”. This paper studies cooperation
amongst transmitters in a two-user Gaussian multiple access
channel (MAC) with correlated sources in the wideband limit.
The paper’s findings can be intuitively stated as follows: if
the two sources are sufficiently (highly) correlated, then full
cooperation amongst the transmitters is possible in the wideband
limit incurring an arbitrarily small bit error rate during the
process of communicating them to the receiver, i.e., the system
behaves like a two-antenna single user system.

The core idea behind this paper is to use pulse-position
modulation and to allow signals from the two transmitters to
coherently combine with one another. This result also emphasizes
the difference between bit-error and block-error rates. Whereas
cooperation is very difficult to establish when achieving arbitrar-
ily small block error rates, it can be enabled when the objective
is to achieve arbitrarily small bit error rates and the sources are
highly correlated.

I. I NTRODUCTION

There are significant advantages to enabling cooperation
amongst nodes in a network, and a multitude of different
strategies for doing so have been investigated in literature [1]–
[10]. Cooperation is, however, typically difficult to accomplish
in a multiple access channel where there is no additional
interaction between the transmitters [11].

Hitherto, a majority of the literature on cooperation, and
in general in Information Theory, is based on the goal of
achieving an arbitrarily small maximal block error rate in the
system. In some systems such as the single user communica-
tion system, the choice of block-error vs. bit-error as being
constrained has limited impact on the asymptotic energy per
bit required in the system in the wideband limit. Interestingly,
this paper finds that, for multiple access channels, the choice
of constraint makes all the difference - with bit-error rates
being constrained to be arbitrarily small, full cooperation may
be possible amongst two distributed nodes in the network with
no information exchange between the nodes of the network.

Our motivating scenario for this study is a sensor network as
shown in Fig. 1. The two transmitters are neighboring sensors,
intending to communicate highly related information to the
receiver. (This notion of highly related, as well as that of
bit error rate is formally defined in Section II) The data to
be transmitted by each transmitter is assumed to be integer
valued. Such an integer value, may, for instance, results from

the quantization of a real observation1 While minimize block
error is highly relevant for data transfers, bit-error usually takes
on a more important role in communicating digitized versions
of otherwise real-valued sources.

The results in this paper are motivated in part by the results
obtain in [12]. A modified pulse position modulation scheme
(PPM) is used in this paper to achieve coherent combining
of signals. PPM is a relatively popular scheme for sensor
networks [13], and, as it emerges, well suited for correlated
source transmission on these networks.

This paper follows a relatively straightforward progression.
Section II describes the system model, while Section III
presents the main theorem and its proof. The paper concludes
with Section IV.

II. SYSTEM MODEL

Our focus in this paper is on a two-user Gaussian MAC as
follows:

y(t) = x1(t) + x2(t) + z(t), (1)

wherexi(t) is Useri’s (i = 1, 2) transmit signal andz(t) the
channel noise (assumed Gaussian).

sensor 2/user 2

receiver

object

sensor1/user 1

Fig. 1. System model

1There are varied origins for the correlation between the integer-valued
sources, most of which go beyond the scope of this paper.



As is conventional with analysis of communication sys-
tems in the wideband regime, our goal is to determine the
minimum energy per bit (Eb|min) required tocollaboratively
communicate the two transmit messages to the receiver. As an
example, in a wideband point-to-point system theEb|min is
log 2 = −1.59dB [14].

In the next two subsections, we detail the most important
parts of our system - bit-error rate and source-correlation
models.

A. Bit Error Rate

The sourcesU, V at each transmitter are assumed to be
non-negative integer valueduniform sources with exactly equal
alphabet sizes2; U = {0, 1, . . . , 2n − 1},V = {0, 1, . . . , 2n −
1}.

Consider a functionB(k) which returns the minimum
number of necessary bits to represent an integerk of either
sourceU or V . If k̂ is the decoded work fork, we definebit
error rate Pe as

Pe , E
k̂,k

B(|k − k̂|)
B(k)

(2)

whereE is expected value over the joint distribution ofk and
k̂, and | · | returns the absolute value of an number.

To provide further insight into this definition, consider the
following example. Given thatU is a uniform source, we have
B(k) = n. Further, if our communication strategy ensures that
everyk ∈ U has an error bounded as|k−k̂| ∈ {0, 1, ..., o(2n)}
then we have

Pe = E
k̂,k

B(|k − k̂|)
B(k)

≤ log2 o(2n)

n
=

o(n)

n
→ 0 (3)

asn → ∞.

B. Correlation Model

The two sourcesU and V are assumed to be heavily
correlated, with a correlation behaving as:

For i ∈ U andj ∈ V

|i − j| ∈ {0, ..., O (nα)} s.t. 0 ≤ α < 1. (4)

In words, this means that if2n messages are to be transmit-
ted from both sources, the two messages, when represented as
integers, are less than or equal toK1n

α apart for a constant
K1 for largen, i.e. they are highly correlated.

C. The Transmission Process

The transmitters are also assumed to be constrained by
energy limits per symbol asEs. Time is assumed to be slotted
and the transmitters are assumed to be time-synchronized.
Each transmitter sends a2n + nβ − 1-length vector signal,
where the entryj in the vector is the transmit-signal at time
instantj. In this setting,β is any positive real number such

2This assumption can be relaxed, but such a relaxation complicates notation
and diverts attention from the core of the solution.

that1 > β > α. If k is the message for Transmitteri ∈ {1, 2},
this vector is given by:

x(k) =



0, ...,

√Es√
nβ

, ....,

√Es√
nβ

︸ ︷︷ ︸

, ...., 0



 , (5)

nβ

where the nonzero entries are from the(k) th position to
the(k+nβ)th position in the2n+nβ−1 vector. In essence, a
”pulse” is transmitted, where the position of the pulse emitted
by Transmitteri depends on its messagek.

D. The Receive Chain

We use nβ-sized detection windows at the receiver to
decode the received signal as illustrated in Fig. 3. There are a
total of 2n such (overlapping) windows, characterized by

wm =

{
1 [m . . .m + nβ ]
0 otherwise

∀ m ∈ {0, 2n − 1}.
The detection scheme to be used is a simple inner product

based scheme given by:

k̂ = arg max
m∈{0,...,2n−1}

y ◦ wm, (6)

where◦ is the inner-product between the two vectors.

III. SYSTEM ANALYSIS

In this section, we show that the two-user Gaussian MAC
as described in Section II that uses ”pulse-position” based
transmission and reception schemes has full cooperation en-
abled for a large enoughn in the wideband limit. To do
this, we first characterize the net transmit signal when both
transmitters apply the transmission scheme. We then analyze
the bit-error rate of the decoding scheme, showing that the
minimum energy per bit required for it to decay is0.5 log 2.

User 1
Tx signal
x1(i)

User 2
Tx signal
x2(j)

Received
Signal

nβ

nα

εs/n
β

i

j

2n+nβ−1

Fig. 2. Transmitted and Received signals by a modified PPM. AWGN is not
shown here.



A. Synchronized Transmit Signal

Let i ∈ U and j ∈ V be the correlated messages as in
subsection II-B. The ”worst-case” scenario is when the two
sources are as far apart as possible, i.e., when|i−j| = Θ(nα).
For illustrative purposes and concreteness, we set|i − j| to
exactly equalnα. Note that we will proceed with the remainder
of our analysis under this setting. The generalization of the
proof to |i− j| = o(nα) is straightforward (grunge-work) and
is thus omitted from the document.

Without loss of generality, we havei ≤ j. A synchronized
transmit signal from two transmitters is the following expres-
sion as in Fig. 2:

x1(i) + x2(j)

=



0, ...,
√
Es√
nβ

, ...,
2
√Es√
nβ

, ...,
2
√Es√
nβ

︸ ︷︷ ︸

,
√
Es√
nβ

, ..., 0



 , (7)

nβ − nα duration

where non-zero entries above are from(i) th until the
(
j + nβ

)
th positions.

Non-zero Transmitted Pulses Detection Windows

Case 1 Case 2 Case 3

nβ

AWGN

2nβ+nα = O(nβ)

Fig. 3. Received signals with AWGN and detection windows

B. Received Signal with the Detection Windows

Important: Note that although two messagesi, j are sent,
only one message is k̂ is detected by the receiver using the
policy given by 6).

The ser of all possible received signals using this detection
window are divided into three cases as in Fig. 3.

1) A portion of the detection window overlaps with in the
non-zero entries of the net transmit pulse (7). This is
Case 1 in Fig. 3

2) The detection window is fully located in the inside the
non-zero portion of the net transmit pulse , which is Case
2 in Fig. 3. In this case, the received signaly ◦ wm can
be simplified to the expression

y ◦wm =
2
√Es√
nβ

(
nβ − nα

)
+

√Es√
nβ

·nα +
∑

i∈Im

Zi, (8)

whereIm is the index set for the detection windowwm

and Zi’s are i.i.d. Gaussian noise variables with zero
mean and unit variance, i.e.,Zi ∼ N (0, 1).

3) The detection window is completely outside the non-
zero portion of the net transmit signal as depicted in
Case 3 in Fig. 3. In this case, the received signal purely
a sum of Gaussian (noise) variables, i.e. it equals

y ◦ wm =
∑

i∈Im

Zi (9)

In summary, after its first step of processing the receiver
ends up with a length2n vector containing values that are
either a) just a sum of noise elements; or b) sum of noise
with some portion of signal or c) sum of noise and signal
given by (8). It then picks the largest value from this vector,
declaring the position at which it occurs as the message. If
multiple positions offer the maximum, it picks any one of
those at random as its decoded message.

C. Error Analysis

The stage is now set for us to determine the net probability
of error incurred from this process.

Given that messagesi andj were sent from Transmitters 1
and 2 respectively and were jointly decoded to a messagek̂, an
error occurs if either|k̂−i| or k̂−j behaves asΩ(n). In short,
if the (real-valued) distance between the decoded message and
either of the two messages is large, we incur an error.

Note that
Pe ≤ Pe,1 + Pe,2, (10)

wherePe is the overall bit-error rate andPe,k ’s are the bit-error

rates for the message of Transmitterk, i.e., Pe,1 = B(|i−k̂|)
B(i)

andPe,2 = B(|j−k̂|)
B(j) . Note that if bothPe,i → 0 for i = 1, 2,

thenPe → 0.
Next, consider the following error events,Se, as
(3).

Se =

{

k̂ :
B(|i − k̂|)

B(i)
> δ

}

(11)

∪
{

k̂ :
B(|j − k̂|)

B(j)
> δ

}

,

for some positiveδ. It is clear that ifP(Se) decreases to
zero asn increases, thenPe can be made arbitrarily small.

It is with this motivation that we introduce the following
four sets: For0 < α < β < 1, we have:

S1 =
{

k̂ : |i − k̂| = ω(nβ) & |j − k̂| = ω(nβ)
}

S2 =
{

k̂ : |i − k̂| = ω(nβ) & |j − k̂| = O(nβ)
}

S3 =
{

k̂ : |i − k̂| = O(nβ) & |j − k̂| = ω(nβ)
}

S4 =
{

k̂ : |i − k̂| = O(nβ) & |j − k̂| = O(nβ)
}

.

Lemma 1: S2 andS3 are empty sets for largen given that
|i − j| = O(nα).

Proof: Intutively, S2 and S3 correspond to scenarios
where the decoded word is ”close” to one of the messages
and ”far” from the other. In other words,̂k represents one of
them with a small bit-error while the other has a possibly
non-diminishing bit error. Noting that the two sources are
correlated, this is not possible as it contradicts the triangular
inequality.

Formally, Let us show first thatS2 is an empty set. Since
the absolute value of difference between two integers satisfies



the properties of a distance metric, it satisfies the following
triangle inequality property:

|i − k̂| ≤ |i − j| + |j − k̂|, (12)

For S2, we have|i − k̂| = ω(nβ), |i − j| = O(nα) and
|j − k̂| = O(nβ). From (12), we get

ω(nβ) ≤ O(nα) + O(nβ),

which is impossible for largen. ThereforeS2 is an empty set.
Similarly, S3 is also an empty set.

Lemma 2: If the decoded messagêk ∈ S4, then the error
in transmission can be reduced to an arbitrarily small value
for a large enoughn.

Proof: In this case,

B(|i − k̂|) = log2 O(nβ) = O(log2 n) = o(n).

Similarly, B(|j − k̂|) = o(n). Then from (10)

Pe ≤ B(|i − k̂|)
B(i)

+
B(|j − k̂|)

B(j)
=

o(n)

Θ(n)
+

o(n)

Θ(n)
→ 0

asn → ∞.
In summary,Lemma 1 andLemma 2 show thatSe ⊂ S1.

Thus, to characterize the probability ofSe, it is in fact
sufficient to bound it by the probability ofS1. Mainly, showing
that the probability ofS1 can be made arbitrarily small is
sufficient to show that the same is true for the probability of
Se.

Now, let us investigate what̂k ∈ S1 translates into for
the decoding algorithm. Define setsRi, i = 1, 2, 3 for k̂ as
follows:

Ri = {m : wm belongs to Casei} . (13)

Also, let Ii be the set of index sets of allwm ∈ Casei.
Lemma 2 indicates thatneither k̂ ∈ R1 nor k̂ ∈ R2 result in
an error at the receiver. Specifically, the only case when error
is possible is when̂k ∈ R3. Please note that not everyk̂ ∈ R3

leads to an error, but that all thêk that result in error belong
to R3.

Define the eventRe as

Re =

{

max
l∈R3

y ◦ wl > (y ◦ wm, m ∈ R2)

}

.

From the definition ofR3, we automatically have that
P(R3) ≤ P(Re). In addition, we also know that

Se ⊆ S1 ⊆ R3. (14)

And thus we get

P(Se) ≤ P(Re). (15)

This enables us to say that ifP(Re) ≤ ǫ for large n, then
Pe ≤ ǫ.

Here, we introduce the main theorem of this paper.
Theorem 3: Pe, the probability of bit error for a two user

Gaussian MAC can be made arbitrarily small ifEb|min >
1
2 log 2. That is to say, half of minimum bit energy for

point-to-point AWGN wideband communication is needed to
communicate two highly correlated sources across the channel.

Proof: Let us rewriteP(Re) as:

P(Re) (16)

= P

(

max
I∈I3

∑

i∈I Zi

nβ

>
2
√Es√
nβ

−
√Esn

α

√
nβnβ

+

∑

i∈I′ Zi

nβ
s.t. I ′ ∈ I2

)

.

Note that allZi’s are i.i.d.N (0, 1) random variables, and
so

NI ,

∑

i∈I Zi

nβ
∼ N

(

0,
1√
nβ

)

since the detection window index set isnβ-sized. Then (16)
has the following expression

P

(

max
I∈I3

NI >
2
√
Es√

nβ
−

√
Esn

α

√
nβnβ

+ NI′ s.t. I ′ ∈ I2

)

(17)

For any real numberγ we get the following relation:

P

(

max
I∈I3

NI >
2
√Es√
nβ

−
√Esn

α

√
nβnβ

+ NI′ s.t. I ′ ∈ I2

)

(18)

≤ P

(

max
I∈I3

NI > γ

)

+ P

(
2
√Es√
nβ

−
√Esn

α

√
nβnβ

+ NI′ ≤ γ

)

.

Pick aγ as follows:

γ =
2
√Es√
nβ

−
√Esn

α

√
nβnβ

− δ (19)

whereδ > 0.
First, let us focus on theP

(
2
√
Es√

nβ
−

√
Esnα

√
nβnβ

+ NI′ ≤ γ
)

.
Then

P

(
2
√Es√
nβ

−
√Esn

α

√
nβnβ

+ NI′ ≤ γ

)

= P(NI′ ≤ −δ)

= Q(
√

nβδ) (20)

whereQ(x) is Q-function from Gaussian distribution, i.e.,

Q(x) =
1√
2π

∫ ∞

x

e−
t2

2 dt.

Since(20) → 0 asnβ → ∞, we have for large enoughn

P

(
2
√Es√
nβ

−
√Esn

α

√
nβnβ

+ NI′ ≤ γ

)

≤ ǫ.

Next, let us look at theP (maxI∈I3
NI > γ). We find

conditions under whichP (maxI∈I3
NI > γ) → 0. We have

the following inequalities:

P

(

max
I∈I3

NI > γ

)

< 2n · P(NI > γ) (21)

= 2n · Q(
√

nβγ) (22)

≤ 2n · 1

2
exp

(

−γ2 · nβ

2

)

(23)

≤ 2n · exp

(

−γ2 · nβ

2

)

, (24)



where we use the fact that|I3| < 2n and use a Chernoff bound
on the Q-function.

Here,2n = exp(n log 2) and Es = nEb from 2n symbols.
Then (24) is expressed from (19) as

exp

(

n log 2 − γ2 · nβ

2

)

(25)

= exp




−

(
2
√

nEb√
nβ

−
√

nEbnα

√
nβnβ

− δ
)2

nβ − 2n log 2

2






= exp

(

−4nEb − 2n log 2 + (rest terms)
2

)

(26)

= exp

(

−4n
(
Eb − 1

2 log 2
)

+ o(n)

2

)

, (27)

where (rest terms) above are as follows:

nEb

n2(β−α)
+ nβδ2 − 4nEb

nβ−α
− 4n

β+1

2 Ebδ +
n

α+1

2

n
β−α

2

2
√

Ebδ

Therefore ifEb > 1
2 log 2, then (27) goes to zero asn → ∞.

This means that only half of energy per bit is necessary
to communicate using two distributed sources with correlated
information, which is as if the two transmitters were ”fully
cooperating”.

IV. CONCLUSION

In this paper, we find that full cooperation (i.e., half the
energy-per-bit compared to a single user setting) is possible
in a Gaussian two-user MAC if the bit-error-rate is constraint
to an arbitrary non-negative value. This is enabled with only
timing synchronization among transmitters, and with no other
coordination or information exchange between them, provided
the sources at each transmitter are highly correlated.
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