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Abstract—We present linear precoding methods for down-
link transmission in multi-user multiple-input multiple- output
(MIMO) systems where channel state information (CSI) can
be obtained through training. In this paper, channel training
overhead and estimation error are rigorously accounted for
while determining the net system throughput. First, we consider
the case with training on the reverse link only. We study a
precoding method which is a combination of two schemes:
selection of users with largest estimated gains and zero-forcing
to selected users. Next, we consider the case with training on
both reverse and forward links. We obtain a lower bound
on the weighted-sum capacity, and propose an algorithm to
determine an efficient precoding matrix. This precoding method
effectively utilizes the training on the reverse and forward links
in improving net throughput.

I. I NTRODUCTION

We are interested in the downlink transmission from the
base station to the users. This multi-user MIMO downlink
transmission scenario is analyzed as the multi-antenna broad-
cast channel (BC) problem in information theory literature.
The sum capacity of the multi-antenna Gaussian BC has been
shown to be achieved by dirty paper coding (DPC) in [1]–[4].
It was shown in [5] that DPC characterizes the full capacity
region of the multi-antenna Gaussian BC. In the multi-user
setting, the existing results show that significant throughput
gains can be obtained with multiple antennas at the base
station and single antenna at the users. We are interested
in this scenario where the the base station hasM antennas,
and theK(≤M) independent users have single antennas as
shown in Figure 1.
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Fig. 1. Multi-User MIMO TDD System Model

The DPC technique [6] is fairly involved and is compu-
tationally challenging to implement in practice. Therefore,
a problem that obtained significant research attention is

throughput maximization with minimal complexity at the
terminals. Different precoding methods have been studied
[7]–[11]. The results suggest that sum rates close to sum
capacity can be achieved with much lower computational
complexity compared to DPC. However, these results assume
channel state information (CSI) at the base station and the
users. The techniques developed might require full CSI at
the base station and the users, and can be sensitive to CSI
accuracy. Motivated by this, different techniques have been
developed when limited channel knowledge is available at
the base station and prefect CSI is available at the users
[12]–[16]. This limited feedback setting is motivated by the
scenario where partial CSI is acquired by the base station
through feedback.

In the limited feedback setting, the overhead associated
with channel training and error due to channel estimation are
not accounted for in the system throughput. In [17], [18], the
effects of training and estimation in multi-user MIMO sys-
tems using time-division duplex (TDD) operation have been
studied. Similar to this, we account for these factors in the
net throughput and consider TDD operation. In TDD systems,
the transmit channel can be obtained from the reverse link
channel as both are very closely related [19]. Specifically,
the channel model we study is the following. The channel is
assumed to undergo block fading with a coherence interval of
T symbols. We assume that the reverse channel matrix and
forward channel matrix share a reciprocity relationship. In
[18], we proposed scheduling and pre-conditioning schemes
for multi-user MIMO TDD systems with training on reverse
link only. In this paper, we focus on the case with training
on both reverse and forward links.

We first look at the case with training on reverse link only.
In this setting, we briefly describe the precoding method we
developed in [18]. The base station obtains minimum-mean-
square-error estimate (MMSE) of the channel matrix from
the reverse link pilots. This channel estimate is used in the
precoding method which consists of a scheduling strategy
and zero-forcing. In the case of homogeneous users, the
scheduling strategy is simply the selection of users with
largest estimated channel gains. Next, we consider the case
with training on both reverse and forward links. Recently,
there has been similar work in [20]. The authors consider



two-way training [21] and study two variants of linear MMSE
precoders as alternatives to linear zero-forcing precoderused
in [17]. We use a modified version of the precoder proposed
in [11]. In the approach in [11], the precoding matrix is
obtained using an iterative algorithm which tries (there is
no proof of convergence) to find one of the local maxima of
the sum rate maximization problem when CSI is available
at both the base station and the users. Since the base station
obtains CSI through training, we modify this algorithm to
account for the error in the estimation process. We compare
the performance of the different methods considered through
numerical examples.

A. Notations

We use bold font variables to denote vectors and matrices.
All vectors are column vectors. We use(·)T to denote the
transpose,(·)∗ to denote the conjugate and(·)† to denote the
Hermitian of vectors and matrices. Tr(A) denotes the trace of
matrixA andA−1 denotes the inverse of matrixA. diag{a}
denotes a diagonal matrix with diagonal entries equal to the
components ofa. E[·] andvar{·} stand for expectation and
variance operations, respectively.

II. SYSTEM MODEL

The base-station withM antennas communicates with the
K independent users on both forward and reverse links as
shown in Fig. 1. The forward channel is characterized byK×
M propagation matrixH. We assume independent Rayleigh
fading channels, which remains constant over a duration of
T symbols called the coherence interval. The entries of the
channel matrixH are independent and identically distributed
(i.i.d.) zero-mean, circularly-symmetric complex Gaussian
CN(0, 1) random variables. Our model incorporates fre-
quency selectivity of fading by using orthogonal frequency-
division multiplexing (OFDM). Note that the duration of the
coherence interval in symbols is chosen for the OFDM sub-
band. Due to reciprocity, we assume that the reverse channel
at any instant is the transpose of the forward channel.

Let the forward and reverse SINRs associated withkth

user beρfk andρrk, respectively. These forward and reverse
SINRs remain fixed throughout the channel uses. On the
forward link, the signal received by thekth user is

xfk =
√
ρfk hT

k sf + wfk (1)

where hT
k is the kth row of the channel matrixH and

sf is the M × 1 vector in which information symbols to
be communicated are embedded. The components of the
additive noise vector[wf1 wf2 · · · wfK ] are i.i.d.CN(0, 1).
The average power constraint at the base-station during
transmission isE[‖sf‖2] = 1 so that the total transmit power
is fixed irrespective of its number of antennas. On the reverse
link, the vector received at the base-station is

xr = HTErsr + wr (2)

where sr is the signal-vector transmitted by the users and
Er = diag{[√ρr1

√
ρr2 · · · √ρrK ]T }. The components of
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Fig. 2. Training on reverse link only

the additive noisewr are i.i.d.CN(0, 1). There is average
power constraint at every user during transmission given by
E[‖srk‖2] = 1 wheresrk is thekth component ofsr.

III. T RAINING ON REVERSEL INK ONLY

We consider the scenario in which the system is operated
in three phases as shown in Fig. 2. In the training phase,
the users transmit a training sequence to the base station
on the reverse link. The base station performs the required
computations including user selection and precoding in the
computation phase. We assume that this takes one symbol. In
the data transmission phase, the base station transmits data
to the selected users.

A. Channel Estimation

A key advantage of TDD systems over frequency-division
duplex (FDD) systems is channel reciprocity. We exploit
this property to perform channel estimation by transmitting
training sequences on the reverse link. Every user transmits a
sequence of training signals ofτrp symbols duration in every
coherence interval. We assume that these training sequences
are known a-priori to the base-station. Thekth user transmits
the training sequence vector

√
τrp ψ

†
k. We use orthonormal

sequences which impliesψ†
iψj = δij where δij is the

Kronecker delta. The use of orthogonal sequences restricts
the maximum number of users toτrp, i.e.,K ≤ τrp.

The corrupted training signals received at the base-station
is

Yr =
√
τrp HTErΨ

† + Vr (3)

where Ψ = [ψ1 ψ2 · · · ψK ] and the components additive
noise matrixVr are i.i.d.CN(0, 1). The base-station obtains
the LMMSE (linear minimum-mean-square-error) estimate of
the channel

Ĥ = diag

{

[ √
ρr1τrp

1 + ρr1τrp

· · ·
√
ρrKτrp

1 + ρrKτrp

]T
}

ΨT YT
r . (4)

This estimateĤ is the conditional mean ofH and hence,
the MMSE estimate as well. By the properties of conditional
mean and joint Gaussian distribution, the estimateĤ is
independent of the estimation error̃H = H − Ĥ. The
components ofĤ are independent and the elements of its
kth row areCN

(

0,
ρrkτrp

1+ρrkτrp

)

. In addition, the components

of H̃ are independent and the elements of itskth row are
CN

(

0, 1
1+ρrkτrp

)

.



B. Scheduling and precoding on Forward Link

In this work, we confine ourselves by the homogeneous
case where forward SINRs from the base-station to all users
are equal and also reverse SINRs from all users to the
base-station are equal, i.e.,ρf1 = · · · = ρfK = ρf and
ρr1 = · · · = ρrK = ρr. The case of heterogeneous users is
discussed in another article [18].

The base station selectsN(≤ K) users among theK users
and precode the information signals to be transmitted to these
N users. The scheduling strategy used to select the users
is explained in Section III-D. Let the set of users selected
be SN ⊆ {1, 2, · · · ,K} with N distinct entries. The base
station forms theM × 1 transmission signal-vectorsf from
the information symbol-vectorq = [q1 q2 · · · qN ]T for the
selected users by pre-multiplying it with a precoding matrix.
We use the precoding matrix

ASN
=

Ĥ
†
SN

(

ĤSN
Ĥ

†
SN

)−1

√

tr

[

(

ĤSN
Ĥ

†
SN

)−1
]

(5)

which is proportional to the pseudo-inverse of the estimated
channel. TheN×M matrixĤSN

is formed by the rows in set
SN of matrixĤ. We use this precoding matrix because of the
lack of any channel knowledge at the users. The precoding
matrix is normalized so thattr(A†

SN
ASN

) = 1.
The transmission signal-vector is given by

sf = ASN
q (6)

and the power constraint at the base station is satisfied by
imposing the conditionE[‖qn‖2] = 1, ∀n ∈ {1, · · · , N}.
From (1) and (6), we obtain the signal-vector received at the
selected users to be

xf =
√
ρf HSN

ASN
q + wf (7)

whereHSN
is the matrix formed by the rows in setSN of

the matrixH.

C. Lower Bound on Sum Capacity

In this section, we obtain a lower bound on the sum
capacity of the system under consideration. The approach is
similar to that in [17], [22]. The lower bound holds for any
scheduling strategy used at the base station which selects a
fixed number of users. Recall that the base station performs
channel estimation as described in Section III-A.

Theorem 1:For the system under consideration, every
selected user can achieve a downlink rate during data trans-
mission of at least

Cind−lb = log2



1 +
ρfE

2 [χ]

1 + ρf

(

1
1+ρrτrp

+ var{χ}
)



 (8)

bits/transmission whereχ is a scalar random variable given

by χ =

(

tr

[

(

ĤSN
Ĥ

†
SN

)−1
])− 1

2

.

Corollary 1: For the system with homogeneous users con-
sidered, a lower bound on the sum capacity is

Csum−lb = max
N≤K, N∈I+

N · Cind−lb. (9)

D. Scheduling Strategy

The need for explicit scheduling arises due the use of
pseudo-inverse based precoding of the information symbols.
With perfect channel knowledge at the base station (Ĥ = H)
and no scheduling (N = K), the pseudo-inverse based pre-
coding diagonalizes the effective forward channel and every
user sees statistically identical effective channel irrespective
of its actual channel. The inability to vary the effective gains
to the users depending on their channel states is due to
lack of any channel knowledge at the users. This possibly
causes a reduction in achievable sum rate. Motivated by this,
we propose a scheduling strategy which explicitly selects
N ≤ K users before precoding.

In every coherence interval, the channel estimate at the
base station is used to select theN users with largest
estimated channel gains. Let̂hT

(1), ĥ
T
(2), · · · , ĥT

(K) be the

norm-ordered rows of the estimated channel matrixĤ. Then,
the matrixĤSN

is given byĤSN
= [ĥ(1) ĥ(2) · · · ĥ(N)]

T

and the lower bound in (8) becomesCind−lb =

log2



1 +
ρf

(

ρrτrp

1+ρrτrp

)

E
2 [η]

1 + ρf

(

1
1+ρrτrp

+
ρrτrp

1+ρrτrp
var{η}

)



 . (10)

Here, random variableη =
(

tr
[

(

UU†
)−1
])− 1

2

where U

is theN × M matrix formed by theN rows with largest
norms of aK ×M random matrixZ whose elements are
i.i.d. CN(0, 1). We provide numerical results showing the
improvement obtained by using this strategy in Section V.

E. Net Achievable Sum Rate

Net achievable sum rate accounts for the reduction in
achievable sum rate due to training. In every coherence
interval ofT symbols, firstτrp symbols are used for training
on reverse link, one symbol is used for computation (same
assumption as in [17]) and the remainingT−τrp−1 symbols
are used for transmitting information symbols. The number
of usersK and the training lengthτrp can be chosen such
that net throughput of the system is maximized. Thus, net
achievable sum rate is defined as

Cnet(M,ρf , ρr) = max
K,τrp

T − τrp − 1

T
Csum−lb(·) (11)

subject to the constraintsτrp ≤ T andK ≤ min(M, τrp).
Csum−lb(·) in (11) is given by (9).

IV. T RAINING ON REVERSE ANDFORWARD L INKS

In the transmission scheme considered before, the users
do not receive any knowledge about effective channel gains.
Therefore, we used the expected value of the effective gains
seen by the users to obtain a lower bound on weighted-sum



Coherence Interval

Computation
Forward Pilots

Data TransmissionReverse Pilots

Fig. 3. Training on reverse and forward links

capacity. The base station can send forward pilots to the
users so that the users can estimate their effective gains in
every coherence interval. This gives a transmission scheme
consisting of four phases - reverse pilots, computation phase,
forward pilots and data transmission - as shown in Figure 3.
In this scheme, the users can obtain effective channel gain
estimates at the expense of increased training overhead.

A. Forward Training

The base station transmitsτfp forward pilots so that the
users can obtain estimates of their channel gains. Since we
are interested in short coherence intervals, we consider the
case with very few forward pilots. Note thatτfp can be
less than the number of usersK. For this reason, we do
not restrict to orthogonal pilots in forward training. The
forward pilots are obtained by pre-multiplying the vectors
q

(1)
p , · · · ,q(τfp)

p with the precoding matrix. In the case of
one forward pilot (τfp = 1), we consider the forward pilots
obtained from the vectorq(1)

p = [1 1 · · · ]T . In the case of
τfp = 2, we consider the forward pilots obtained from the
vectorsq(1)

p =
√

2[1 0 1 0 · · · ]T andq
(1)
p =

√
2[0 1 0 1 · · · ]T .

It is straightforward to extend this to any number of forward
pilots. We denote the vector of corrupted forward pilots
received by thekth user byxpk.

B. Net Achievable Weighted-Sum Rate

Let A be an arbitrary precoding matrix, not necessarily the
pseudo-inverse of the estimated channel matrix. We use same
lower bounding techniques as before to obtain net achievable
weighted-sum rate for the transmission scheme with reverse
and forward pilots. From (1), we obtain the signal-vector
received at the users

xf = EfHAq + wf (12)

where Ef = diag

{

[√

ρ1
f

√

ρ2
f · · ·

√

ρN
f

]T
}

. We denote

the effective forward channel in (12) byG = EfHA with
(i, j)th entry gij .

Theorem 2:For the transmission scheme considered, a
lower bound on the downlink sum capacity during transmis-
sion is given by

Cwsum−lb =

K
∑

k=1

E [log2 (1+

|E [gkk|xpk] |2
1 +

∑

i6=k

E [|gki|2|xpk] + var{gkk|xpk}












. (13)

We define net achievable weighted-sum rate as

Cnet = max
τrp

T − τrp − τfp − 1

T
Cwsum−lb(·)

which is consistent with the earlier definition.

C. Efficient Precoding Matrix

In this section we suggest a different way for determining
a precoding matrixA.

As explained in Section III-A, the users transmit or-
thogonal training sequences on the reverse link. From the
corrupted training sequences, the base station obtains the
MMSE estimate of the channel. The base station uses this
channel estimatêH to form a precoding matrix to perform
linear precoding. LetA denote any precoding matrix which
is a function of the channel estimate, i.e.,A = f(Ĥ). The
precoding functionf(·) usually depends on the system pa-
rameters such as forward SINRs, reverse SINRs and weights
assigned to the users. We assume that the precoding matrix is
normalized so that Tr

(

A†A
)

= 1. The transmission signal-
vector is given bysf = Aq where q = [q1 q2 · · · qK ]T

is the vector of information symbols for the users. The net
achievable rate derived in Section IV-B is valid for any
precoding function. In the remaining part of this section, we
describe a particular precoding method.

Let us assume for the moment that the channel matrixH is
known to the base station and mobiles. In [11], the following
approach was suggested for finding a good precoding matrix
A whenH is known. Lethi be thei-th row of the channel
matrix H and letaj be thej-th column of precoding matrix
A. The sum rate of the broadcast channel can be written in
the form

R(H,A) =

M
∑

j=1

log

(

1 +
|hT

j aj |2
σ2Tr (AA†) +

∑

r 6=j |hT
j ar|2

)

.

Let

bj = |hjaj |2 andcj = σ2Tr (AA†) +
∑

r 6=j

|hjar|2.

Let further∆ andD be diagonal matrices with diagonals

∆ = diag

(

(HA)11
c1

,
(HA)22
c2

, . . . ,
(HA)MM

cM

)

(14)

and

D = diag

(

b1

c1(b1 + c1)
,

b2

c2(b2 + c2)
, . . . ,

bM

cM (bM + cM )

)

.

(15)
In [11] it is shown that the equations∂R(H,A)

∂Aij
= 0 imply

A = ((σ2Tr (D))IM + H†DH)−1H†∆. (16)

This equation allows one to use the following iterative
algorithm for determining an efficientA:

1) Assigning some initial values to matrices∆ and D,
for instance∆ = IM ,D = IM

2) Repeat steps 3 and 4 several times



3) ComputeA according to (16);
4) Compute∆ andD according to (14) and (15).

Let us now assume that only an estimateĤ of the channel
matrix H and the statistics of the estimation errorH̃ are
available. Let us also assume that the base station sends
very powerful pilots so that each mobile can very precisely
estimate its signal to noise ratio. In this case the sum capacity
is equal to

R(Ĥ,A) = E
H̃

[R(Ĥ + H̃,A)].

The approach suggested in [11] can be extended for this
scenario as follows. Since the statistics ofH̃ is assumed to
be known, we can generateL samplesH̃(i), i = 1, . . . , L,
according to the statistics. DefineH(i) = Ĥ + H̃(i). Then
the average rate can be approximated as

R(Ĥ,A)

≈ 1

L

L
∑

i=1

M
∑

j=1

log



1 +
|h(i)

j

T
aj |2

σ2Tr (AA†) +
∑

r 6=j |h
(i)
j

T
ar|2





We define∆(i) andD(i) as in (14) and (15) using the matrix
H(i) instead ofH. Using arguments similar to ones used in
[11] we obtain that the equations∂R

∂Aij
= 0 imply

L
∑

i=1

H(i)∆(i) − H(i)†D(i)H(i) − σ2Tr (D(i))A = 0. (17)

Let

V =
L
∑

i=1

H(i)†D(i)H(i)+σ2Tr (D(i))IM ,T =
L
∑

i=1

H(i)∆(i).

From (17), we have that

A = V−1T. (18)

This allows us to use the following iterative algorithm for
determining aA that maximizes the average rate.

1) Assigning some initial values to matrices∆(i) and
D(i), for instance∆(i) = IM ,D(i) = IM

2) Repeat steps 3 and 4 several times
3) ComputeA according to (18);
4) Compute∆(i) and D(i) according to (14) and (15)

usingH(i) instead ofH.

V. NUMERICAL RESULTS

We provide numerical results in both reverse training
only and reverse and forward training scenarios. We are
particularly interested in high mobility users, i.e., short coher-
ence intervals. We use FP(n) to denote a precoding method
usingn number of forward pilots. Note that FP(0) denotes
training on reverse link only. We denote results obtained with
zero-forcing (without scheduling) by ZF, zero-forcing with
scheduling by ZF-Sch, the approach in [11] by SVH and the
modified algorithm given in Section IV-C by Mod-SVH.
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Fig. 4. Sum capacity lower bound
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A. Reverse Training Only

First, we keep the training sequence length to the minimum
possible, i.e.,τrp = K. In Figure 4, we plot sum capacity
lower bound verses the number of usersK = {1, 2, · · · ,M}
for M = {4, 8, 16} when forward SINRρf = 0 dB and
reverse SINRρr = −10 dB. We observe that the precoding
method ZF-Sch gives significant improvement over ZF. In
both the methods, the achievable sum rate increases with the
number of base station antennas. In Figure 5, we plot the
optimum number of users selected by ZF-SchNopt versus the
number of users presentK for the SINR considered above
andM = 16.

Next, in Figure 6, we plot net achievable sum rate for
coherence intervalsT = {10, 20, 30} symbols. We observe
that the net achievable sum rate increases withM for both
ZF and ZF-Sch, and the precoding method ZF-Sch outper-
forms ZF. We notice that the net achievable sum rate varies
significantly with the coherence interval. This demonstrates
the need to take the coherence interval into account while
designing wireless systems.

B. Reverse and Forward Training

We compare the performance of different methods using
numerical examples. We keep the value of reverse SINR10
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TABLE I
MULTI -USER SYSTEM WITHM = 8 AND K = 8

ρf (dB) 10 15 20 25 30

ZF-Sch-FP(0) 7.56 11.56 15.40 17.87 18.86

ZF-Sch-FP(1) 6.58 10.33 15.21 21.83 22.79

ZF-Sch-FP(2) 7.69 11.67 16.67 22.08 28.99

Mod-SVH-FP(1) 7.11 11.17 16.56 24.14 30.43

Mod-SVH-FP(2) 7.77 11.93 17.22 24.04 30.04
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Fig. 7. Mod-SVH and ZF-Sch forM = 8

dB lower than the forward SINR in all the cases considered.
For the algorithm Mod-SVH, we use the valueL = 50
in the simulations. Since we expect different behavior for
M = K and M � K, we consider the following two
examples. In the first example, we consider a system with
K = 8 users andM = 8 antennas at the base station. For
the different methods considered, we obtain the achievable
sum rate for forward SINRs ranging from10 dB to 30 dB.
These sum rates are given in Table I. In this case, we observe
that using forward pilots is advantageous at high SINRs.
In particular, we observe significant improvement by using
Mod-SVH algorithm over ZF-Sch at high SINRs. We plot
the methods ZF-Sch-FP(0) and Mod-SVG-FP(2) in Figure 7.

In the second example, we consider a system withK =

TABLE II
MULTI -USER SYSTEM WITHM = 16 AND K = 8

ρf (dB) 10 15 20 25 30

ZF-Sch-FP(0) 20.99 29.79 37.90 44.43 48.71

ZF-Sch-FP(1) 12.73 20.45 28.38 36.38 44.41

ZF-Sch-FP(2) 12.18 19.59 27.37 35.40 43.64

Mod-SVH-FP(1) 13.59 20.73 28.52 36.60 44.40

Mod-SVH-FP(2) 12.96 20.01 27.72 35.66 43.74
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Fig. 8. Mod-SVH and ZF-Sch forM = 16

8 users andM = 16 antennas at the base station. Again,
we obtain the achievable sum rate for different methods and
tabulate these values in Table II. In this case, we observe
that using forward pilots is not advantageous in the SINR
range considered. We plot the methods ZF-Sch-FP(0) and
Mod-SVG-FP(1) in Figure 8.

VI. CONCLUSION

In multi-user MIMO downlink, training is very impor-
tant to obtain CSI at the terminals. Reciprocal training
made feasible by time-division duplex (TDD) operation is
key to obtaining CSI at the base station. When coherence
intervals are short, the overhead associated with training
can significantly affect the net throughput. Therefore, it is
important to choose the number of reverse pilots, the number
of forward pilots and the precoding method based on the
coherence interval length. From the numerical examples, we
observed that it is advantageous to introduce forward pilots
when SINRs are high. We conclude that linear precoding
methods can be used at the base station to take advantage
of the multiple antennas. This significantly improve the net
downlink throughput.
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