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Abstract

Cognitive radios have been studied recently as a meandiepectrum in a more efficient manner.
This paper focuses on the fundamental limits of operatioa ®IMO cognitive radio network with a
single licensed user and a single cognitive user. The chaatiang is equivalent to an interference channel
with degraded message sets (with the cognitive user haviogsa to the licensed user's message). An
achievable region and an outer bound is derived for suchveonkeisetting. It is shown that the achievable

region is optimal for a portion of the capacity region thatlimes sum capacity.

. INTRODUCTION

The design of radios to be “cognitive” has been identified ly Federal Communications Commission
(FCC) as the next big step in better radio resource utibrafil]. The term “cognitive” has many different
connotations both in analysis and in practice, but with twdarlying common themetelligencebuilt

into the radio architecture coupled widdaptivity.

Cognitive radios have been studied under different modtings. The first models studied cognitive
radios as a spectrum sensing problem [2][3][4][5]. Undé&s setting, the cognitive radio opportunistically
uses licensed spectrum when the licensed users are serimedtisent in that band. Problems encountered

in this setup are threefold :

1) Sensing must be highly accurate to guarantee non ineeiderwith the licensed radio.
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2) Control and coordination between the cognitive trantemiteceiver pair is required to ensure the
same spectrum is used, and finally

3) There are no QoS guarantees for the cognitive transmétaziver pair.

Other models with different side information at the cogmtusers have been studied. In [6] and [7], the
authors study frequency coding by the cognitive transmhiie assuming non causal knowledge of the

frequency use of the primary transmitter.

In this paper, we study cognition from an information theiorsetting where we assume that the cognitive
transmitter knows the message of the licensed transmipieora Such a model is interesting for two
reasons : 1) It provides an upper limit, or equivalently adbenark on the performance of systems
where the cognitive radio gains a partial understandingheflicensed transmitter and 2) It allows us
to understand the ultimate limits on the cognitive trangmiby giving it maximum information and
allowing it to change its transmission and coding strateggeld on all the information available at the
licensed user. In essence, it enlarges the possible schibatezan be implemented at the cognitive radio,
and 3) It lends itself to information theoretic analysisingea setting where such tools can be applied
to determine the performance limits of the system. Many rotleafigurations, including the interference
channel setting when the cognitive transmitter does nowkine message of the licensed transmitter are

multi-decade long open problems.

The goal of this paper is to study the fundamental limits afgrenance of cognitive radios. Along the

lines of [8], we consider the model depicted in Figure (1)this setting, we have an interference channel
[9][10][11][12], but with degraded message sets, wherettaasmitter with a single message is called
“legacy,” “primary” or “dumb” and the transmitter with bothessages termed the “cognitive” transmitter.

Prior work on this model for the single antenna case is in1[B[[L4][15].

In this paper, we study the performance of the cognitiveaadodel under a multiple antenna (MIMO)

setting. Both the licensed and cognitive transmitter argiver may have multiple antennas. MIMO is
fast becoming the most common feature of wireless systerastalits performance benifits. Thus, it

is important to study the capacity of cognitive radios undevlIMO setting. There are some instances
where the methods used in this paper bears similarities thithmethods used for the SISO setting.
However, most of the proofs and techniques used here ataaliand considerably more involved than
those used in [15]. In the SISO setting, it is possible to ywr&athe model for specific magnitudes of

channels. This is not possible for the MIMO setting. We l@ing of the crucial differences between the
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methods used in this paper and the methods that have beemundedthe SISO setting.

1) In [15], the authors obtain the outer bound using condgi@ntropy inequality. This method cannot
be extended to the MIMO setting.

2) We obtain the outer bound through a series of channelfganations. Although the channel
transformations are similar in spirit to those in [14], tletual transformations used are significantly
different both in nature and in the mathematical proofs #wompany them. In [14], the authors
reduce the channel to a broadcast channel where the comipamesinitters have individual power
constraints and the cognitive receiver has the message ditdnsed user provided to it by a genie.
The capacity region for such a variation of broadcast chiasnmeot known in general. The authors
solve for the capacity region of the broadcast channel usigged channel techniques. On the other
hand, we reduce the MIMO cognitive channel to a broadcastredlavith sum power constraint
and whose capacity region is now known [16][17][18]. We these optimization techniques to

compare the achievable scheme with the outer bound.

A. Main Contributions

In this paper, our main contributions include:

1. We find an achievable region for the Gaussian MIMO cogaitliannel (MCC) in a fashion analogous

to [8][14][15].

2. We find an outer bound on the capacity region of the MCC. Wavsthat this outer bound is tight
for a portion of the capacity region boundary, includingmsicorresponding to the sum-capacity of the

channel.

3. Combining the two above, we characterize the sum capatityis channel and a portion of its entire

capacity region.

B. Organization

The rest of the paper is organized as follows. We describenthiations and system model in Section
II. The main results are presented in Section lll. In Sectdnwe present an achievable region for the

Gaussian MIMO cognitive channel (MCC). An outer bound on ¢bpacity region is shown in Section
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V. The optimality of the achievable region for a portion oétbapacity region is shown in Section VI.

Numerical results are provided in Section VII. We concludeSiction VIII.

Il. SYSTEM MODEL AND NOTATION

Throughout the paper, we use boldface letters to denotergeahd matricesA | denotes the determinant
of matrix A, while Tr(A) denotes its trace. For any general matrix or ve®oiX' denotes its conjugate
transposel,, denotes then x n identity matrix. X" denotes the row vectarX (1), X(2),...,X(n)),
whereX (i),7 = 1,2,...,n can be vectors or scalars. The notatldr- 0 is used to denote that a square
matrix H is positive semidefinite. Finally, i§ is a set, therC(S) and Co(S) denote the closure and

convex hull ofS respectively.

We consider a MIMO cognitive channel shown in Figure (1). kgl andn, , denote the number of
transmitter and receiver antennas respectively for thenied user. Similarly;., andn., denotes the

number of transmitter and receiver antennas for the cognitser.

Power Constraint

P Zp
Licensed Source. " Licensed Receive
PP
Xp(my) +)—=Y,
Hy.
Hcvp
Xc(mpa mc) + — Y;
Cognitive Source  H., T Cognitive Receive
Power Constraint
P. Ze
Fig. 1. MIMO Cognitive Radio System Model
The licensed user has messagg € {1,2, ... ,2"% ) intended for the licensed receiver. The cognitive
user has message. < {1,2,...,2""%} intended for the cognitive receiver as well as the message

of the licensed user.

The primary user encodes the messagginto X,". Here, X (7) is an, length complex vector. The
cognitive transmitter determines its codewaXd™ as a function of bothn, and m.. Note that the

cognitive transmitter wishes to communicate both (to the licensed receiver) and, (to the cognitive
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receiver). The channel gain matrices are giventby,, Hy ¢, Hc, andHc ., and are assumed to be
static. It is assumed that the licensed receiver knBiys,, Hc ,, the licensed transmitter knov¥s, . It
is also assumed that the cognitive transmitter kndys,, Hy, ¢, He . and the cognitive receiver knows
H, ., H... The received vectors of the licensed and cognitive usersdanoted byY," and Y."

respectively.

With the above model and notations, we can describe theraystdime sloti by

Yy (i) = Hp pXp (i) + He pXe(i) + Zp(i)
Y.(i) = Hp Xp(i) + He o Xc (i) + Ze (1)

(1)

The additive noise at the primary and secondary receiveisn®ted byZ," andZ." respectively. The
noise vector<Z," andZ." are Gaussian and are assumed to be i.i.d. across symboldimdedistributed
according to\V (0,1, ,) and N (0,1, ,) respectively. The correlation betwe#n™ andZ." is assumed
to be arbitrary. This correlation does not impact the capaeigion of the system as the licensed and

the cognitive decoders do not co-operate with each other.

We denote the covariance of the codewords of the licenseaaguitive transmitters at timeby X, ()

andX. (i) respectively. Then, the transmitters are constrained &ydiowing transmit power constraints.

2im Tr(Ep(i) < b,

2)
Z?:l Tr(Xc(i)) < nPe
A rate pair(R,, R.) is said to be achievable if
1) there exists a sequence of encoding functions for thadiee and cognitive usefs) : {1,..., onfey

Xptand BT : {1,...,2"%} x {1,... 2"} — X" such that the codewords satisfy the power
constraints given by (2),
2) there exists decoding rulgs) : Yy — {1,...,2"%} and D : Y." — {1,...,2"H} such that

the average probability of decoding error is arbitrarilyadinfior suitably large values of.

The capacity region of the Gaussian MIMO cognitive chaneehge closure of the convex hull of the

set of all achievable rate paif$z,, R.) and is denoted b¢ycc.

A proof of this can be obtained using steps almost exactlgtidal to those for the broadcast channel in [19, Exercis&d]5
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I1l. M AIN RESULTS

In this section, we describe inner and outer bounds on thacigpregion of the MCC. We show that
this outer bound is tight for a portion of the capacity regimundary, including points corresponding to
the sum-capacity of the channel.

Let G = [Hy,, Hcpl. Let R, denote the set described by

<(R;D7 RC)7 va EC,p7 20,07 Q> : Rp 2 07 Rc Z 07 z:p i 07 Ec,p i 07 EC,C i 0
Ry < 10g |1+ GEpnet G + He,pFe Hbp| — log [T+ HepSe,cHlp

Rach =\ R, < log |1+ He,o e cHle
3, Q

Z:p,met = = 0, Tr(zp) < Pp7 Tr(zc,p + Z:c,c) <P
QT Yep

In this setting,Xp net IS @ (npt + net) X (npt + ney) covariance matrix WhileSe ¢ is ane; X ney

(3)

covariance matrix3, and X, , represent principal submatrices Bf, ¢ of dimensionsy,; x n,; and
net X ney respectively. The covariances matridgg, X , and3. . determine the power constraints of

the system.

Let R;, be the set of rate pairs described by
Rin = Cl (CO{(R@RC) 03 Xp, e p; Bee, Q, and <(Rp,Rc),2p7 Ec,p,ZC,c,Q> € Rm})- 4)
Theorem 3.1:The capacity region of the MC@,;c¢ Satisfies

Rin € Cuce- ()

The proof of the theorem is given in Section IV. The codin@tegy is based on Costa’s dirty paper
coding [20][21].

We now describe an outer bound on the capacity region of thd®/1tognitive channel. Letx > 0,

_ H H,. «
G, = [Hpvp %} andK = pp Hep/vo
0 Hc./Va

(np,r + nc,r) X (np,r + nc,r) and of the form

. Let X, be a covariance matrix of dimensions

Ez _ Inp,r Qz . (6)

Q' L.,
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Here,Q, is an,, x n., matrix that makes, positive semidefinite. LGRCOEJ denote the set described
by

<(RpaRc)7Qpan> Ry, >20,R.>20,Qp = 0,Qc =0
Ry < 10g |1+ GaQpGl + GaQeGl| — log |1 + GaQeGl
R, < log |5, + KQ:KT| — log|%,|

Tr(Qp) + Tr(Qc) < Py + P,

RZz —

conv

(7)

Let R%>= denote the closure of the convex hull of the set of rate paitisfging

out

R?ﬁz =(Cl (Co{(RP, R.) : 3Qp, Qc = 0 such that((R,, R.), Qp, Qc) € Rﬁﬁ}) (8)

Also, let R, be represented as

Rout - ﬂ m Rgut' (9)

Y. a>0
Then, the next theorem describes an outer bound on the tapegion of the MCC.

Theorem 3.2:The capacity region of the MC@,,cc satisfies

Cuce S REZ* Va>0,3%,

out

CMC’C - Rout . (10)

The proof is given in Section V and proceeds by a series of mélatmansformations. Each channel
transformation results in a new channel whose capacitpnesi in general a superset (outer bound) of

the capacity region of the preceding channel.

Let Ryt cony dENOtE the set described by
<(Rp>Rc)a Qp,Ec,c> iRy >20,R.20,Qp = 0,3cc = 0,
oy = =108 T+ GaQpGl + S Hep e Blp| — log|T+ {HepSeoHlp (11)
| R, < log L+ 1HooSe Hlc
Tr(Qp) + Tr(Xee) < P, + P,
We let R}, ..: to denote the set of rate pairs described by

part.out = C (Co{(Rp, R.) : 3Qp, X¢c = 0 such that((R,, R.), Qp, Xcc) € Rﬁm,mm}) (12)

We will show that the boundary of the rate region describeddyy,, ., partially meets the boundary

a,X
out

of the rate region decsribed by, .~ for someX,. We formally state the result in Theorem 3.3.
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Theorem 3.3:For anyu > 1,

ma R, + R. = inf ma; R,+ R., Ya>0. 13
(Rch)E’Ig(gart,om M P ¢ Zz (prRc)G);za’}:z ’u P C ( )

out

The proof of the theorem is described in Section V. Hencepthendary of the rate region described by
RO{

part,ou

MCC.

, corresponding tqu-sum, uR, + R, for x> 1 is an outer bound on the capacity region of the

Let (Rp, Rc) be a point on the boundary of the capacity regibiacc. Then, there exists a > 0 such
that

Ry, R,) = ar ma, R, + R..
( P C) g(Rp,Rc)G)éMch v ¢

The next theorem shows that the achievable region giveR fyis optimal for a portion of the capacity

region.
Theorem 3.4:For anyu > 1,

max R, + R, = inf max R, + R,.
(Rp,Rc)eRm'u b ¢ a>0 (R,,R.)ER™ Hitp ¢

part,out

Then, for anyu > 1, (R, ., Rey) = argmax (g, gr)er,, Ry + R is @ point on the boundary of the

capacity region of the MIMO cognitive channel.
The proof of the theorem is described in Section VI and is thaseoptimization techniques.

The above theorem states that the achievable regignoptimizes the sunuR, + R, for all x> 1.
Hence, the regiork;,, achieves the sum rate capacity of the MCC. The sum rate dgpzfcihe MCC
is given in the following corollary.
Corollary 3.1: The sum rate capacity of the MIMO cognitive channel is givgn b
C sum = R, + R, 14
Moc, r, R2x, B + (14)

The proof of the corollary follows directly from Theorem 3.4

IV. ACHIEVABLE REGION

Proof of Theorem 3.1 In this section, we show that the rate regi®y, given by (4) is achievable on
the MCC.
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Encoding rule for Licensed us€¢f;) : For every messagey, € {1,... ,2"%1 the licensed encoder
generates a length codewordX"(m,), according to the distributiop(X,") = I, p(Xp(¢)), and

X, (i) » N(0,X,) such that¥, = 0 andTr(X,) < P,.

Encoding rule for the cognitive uséE”): The cognitive encoder acts in two stages. For every message
pair (m,, m.), the cognitive encoder first generates a codevXq,” (m,, m.) for the primary message
m,, according toll?_, p(X. p(2)|Xp (7)), wherep(X¢p(i)) «~ N (0,3, ) and the joint distribution of

1=

(Xp(1),Xe,p(7)) is given by

b))
p(Xp(i)>Xc,p(i))mN<0> QT EQ ) (15)

Here, Q denotes the correlation betwe#, (i) and X, (7). In the second stage, the cognitive encoder
generatesX. . which encodes message.. The codewordX. ." is generated using Costa precoding
[20] by treatingHp, , X" + H¢ X p" as non causally known interference. A characteristic feati
Costa’s precoding is thaX. " is independent oX. ", and X" is distributed adI} ;p(Xc (7)),
where X ¢(i) «~ N(0,X¢.). Note that the codeworX.," is used to convey message, to the
licensed receiver and the codewadXq " is used to convey message. to the cognitive receiver. The
two codewordX. ," andX, " are superimposed to form the cognitive codewlrd' = X ;" + X c".

It is clear thatX." is distributed adI? ;p(Xc(i)), Xc(i) ~ N(0,3.), whereX, = 3¢ , + Xcc. The

covariance matrices satisfy the constrailts, > 0, % = 0, Tr(X;) < P..

Decoding rule for the licensed receiv@d,;) : The licensed receiver receivel, , X" + He p(Xc p" +

Xec")+Zp". IttreatsHy, , X" +He ;X " as the valid codeword anl. ;X " +Z," as Gaussian

n

noise. TakingG = [Hp p, Hecp] andX; pet” = P , the received vector at the licensed receiver
Xc7pn
is
Y," = GXpnet" + HepXee" + Zp". (16)
. - . Ep Q .i,
The covariance matrix 0K net IS denoted by>p, net = ; , WhereQ = E[Xp,X(¢p]. In
Q ZC,p

this setup, we use steps identical to that used for MIMO chbwith colored noise in [19, Section 9.5]
to show that, for any > 0, there exists a block length; so that for anyn > n4, the licensed decoder

can recover the message, with probability of error< e if

R, <log|I+ GEpnetGT + Hcvpzc,cﬁi,p( ~ log (I + HepSe H | (17)
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Decoding rule for the cognitive us€D?) : The cognitive decoder is the Costa decoder (with the
knowledge of the encoder). The cognitive receiver receive¥."” = Hp Xp" + Heo(Xcep" +
Xec") + Z:". Here, the non-causally known interferentk, . X," + H¢ X p" is canceled by the
Costa precoder. To show this formally, we follow steps samtb Eqgns (3) to (7) in [20]. We get that,
for any e; > 0, there exists, such that form > ny, the cognitive decoder can recover the message

with probability of error< e, if

R, <log|T+ He S HI | (18)

Note that the achievable scheme holds for all possible Gvee matriceX,, X ,, X  that are positive
semidefinite and satisfy the power constrailit$>;,) < P,, Tr(X¢ p + 3¢ ) < P.. Hence,R;,, which
is the set of all achievable rate pairs described by (4), isegable for any code length > max(ny,ns).

V. OUTER BOUND ON THE CAPACITY REGION

In this section, we prove that the rate region describe(ﬂa&fz is an outer bound on the capacity region
of the Gaussian MIMO cognitive channel. The proof proceegsalseries of channel transformations
where each transformation creates an outer bound on thenehanh the previous stage. At the final
stage, we obtain a broadcast channel. The capacity of tleeneh is now known [16][17][18] and is
used as the outer bound for the capacity region of the MIMOnitvg channel. Figure (2) depicts the
various channel configurations considered, and the systemmtiens of all the configurationig shown

in Figures 2(c), 2(d) and 2(e) has the same distributiod s but has an arbitrary correlation wifi.".

Before proving Theorem 3.2, we prove the following lemmas.

Transformation 1 (MIMO Cognitive Channel (MCC) Scaled MIMO cognitive channel) : The scaled
MIMO cognitive channel is defined in Figure (2b) and Figuré. (8 this transformation, the channel
matricesH, , and H. . are scaled byl/\/a. Also, the power constraint at the cognitive transmitter is

changed taP..

Lemma 5.1:The capacity region of the MIMO cognitive channel is ideatito the capacity region of

the scaled MIMO cognitive channel (SMCC) for afiyx o < cc.

Proof : Let (R,, R.) be a rate pair that is achievable on the MCC. That is, foregle; > 0, there

exists an and a sequence of encoder decoder pairs at the licensed gnitiveotransmitter and receiver
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Power Constraint Zy Power Constraint Zy
; ; 5 ) ;
Licensed Source 17 H,, Licensed Receiver Licensed Source” H,, Licensed Receiver
»(my) Y, X,(m,) Y,

Hep/Ve
X.(my,me) v X (my,me) Y,
Cognitive Source He, Cogpnitive Receiver Cognitive Source Heof Vo Cogpnitive Receiver
Power Constraint ! Power Constraint
P, Z aP, Z
Figure 2a MIMO Cognitive Channel (MCC) Figure 2b Scaled MIMO Cogpnitive Channel (SMCC)

z,

Power Constraint Z Licensed Receiver
Licensed Source & " Licensed Receiver Y,
() or Ga
Joint Source
X (my, m,)
Power Constraint i
H(,,/\/E v P, +aP. »
X.(my,me) . o Y.
Cognitive Source K, Y, - Cognitive Receiver
Power Constraint _' 7 Cognitive Receiver »
oP, { } z
— Hyp Hep/Va Z.
beel n Ky = ! H,, H.,
0 Heo/Va o= 1, H,/va] vp Heo/ Vo
0 He./ya
Figure 2d Scaled MIMO Cognitive Channel B (SMCCB) Figure 2e Scaled MIMO Broadcast Channel A (SMBCA)
Licensed User Y, = H,, X, + H.,X. + Z, Licensed User ¥, = H,,, X, + (H.,/a)X .+ Z,
Cognitive User .Y, = H, X, + H. . X. + Z, Cognitive User Y, = H, . X, + (H../V&) X, + Z,
MIMO Cognitive Channel (MCC) Scaled MIMO Cognitive Channel (SMCC)
Licensed User ¥, = H,, X, + (H.,/ V&) X. + Z, Licensed User ¥, = [Hm, H(v‘],/\/z} X+7Z,
Cognitive User :Y,, =H,,X,+ (H.,//aX.+ Z, Cognitive User :Y,, = [HN, H, 1,/\@} X+ Z},
Yo = (Heo/ VaO) X+ Z, Y, = [o H{_,/\/a} X+2
Scaled MIMO Cognitive Channel B (SMCCB) Scaled MIMO Broasic&hannel A (SMBCA)

Fig. 2. Channel Configurations and their System Equations

Power Constraint Zp

Licensed Source ©» o L Licensed Receiver Licensed Sou
p.p

Power Constraint

11

Power Constraint Zy
Licensed SourceP" H,, L Licensed Receiver
Xp(my) Y,

T.o/Va i

X (my,me) Y

Cognitive Source K Y,
Puwe(r‘::)onslrainl er:| Cognitive

Hy, Heof/ Vo

Receive

Figure 2c Scaled MIMO Cognitive Channel A (SMCCA)

Z,

i Licensed Receiver

O,

G
Joint Source
X (my, me)
Power Constraint K
P, +aP. v
Cognitive Receiver
Go= |ty /v ] K=[0 H.,/va )

Figure 2f Scaled MIMO Broadcast Channel (SMBC)

Licensed User ¥, = H,,, X, + (H..,/Va)X.+ Z,

Cognitive User :Y}, =H,,X,+ (H.,/Va)X. + Z},
Ye=Hy X, + (Heo/VO) X+ Z,

Scaled MIMO Cognitive Channel A (SMCCA)

Licensed User Y, = [Hm, Hq,/\/ﬂ X+2Z,

Cognitive User 1Y, = [U H,_(./\/H] X+Z.

Scaled MIMO Broadcast Channel (SMBC)

ZI)
L Licensed

rcel H,,

Xp(my) +)—Y, Xp(my) +)—Y,
— Hp.c
Equal
Hep/va
Xe(my, me) F)—v, Xe(my, me) D Y,
Cogpnitive Source Hee T Cognitive Receiver Cognitive Source Hee/ Ve T Cognitive
Power Constraint Power Constraint

P, Ze @
MIMO Cognitive Channel (MCC)

Fig. 3. Capacity Region of MCC = Capacity Region of SMCC

PC Z(f
Scaled MIMO Cognitive Channel (SMCC)

Receive

Receive

(Ep :my — Xp", Dy o Y — iy, B¢ (myp,me) — X", Dif 2 Y™ — 1) such that the codewords

P
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Xp" and X" satisfy the power constraints given by (2) and the prolahiif decoding error is small
(Pr(my # my) < €1, Pr(m. # 1) < e2). We use the following encoder decoder pairs at the licensed
and cognitive transmitters and receivers of the scaled Midé@nitive channelE} : m, — Xp", D} :

n > mn
Yp — My, Ec

2 (mp,me) — VaXc", DY @ Y — .. It follows that using these encoder and
decoder pairs, the licensed and cognitive codewords gétisf new power constraints a?, and aP,.
respectively. Also, the system equation is the same as théditeoMCC andPr(m, # m,) < ¢ and
Pr(m. # m.) < e2. Hence, the rate paitR,, R.) is achievable on the scaled MIMO cognitive channel.

Hence, the capacity region of the SMCC is a superset of thaditgpregion of the MCC.

Similarly, we can also establish this in the other directioamely we can treat the MCC as the scaled
version of the SMCC (scaling by/«). Therefore, it can be shown that the capacity region of ti&CoM

is a superset of the capacity region of the SMCC.
Hence, the capacity region of the MCC is equal to the capaegjon of the SMCC. ]

Transformation 2 (scaled MIMO cognitive channel (SMCE) scaled MIMO cognitive channel A
(SMCCA)) : The scaled MIMO cognitive channel A (SMCCA) is defd in Figure (2c) and Figure
(4). In this transformation, we provide a modified versionygf”, which isYg to the cognitive receiver.
Yg is corrupted by nois&”, which has the same probability distribution as thaZgf' (i.e., complex
Gaussian with zero mean and identity covariance matrix) jspermitted to be correlated with," or

Z.". In fact, we assume that the joint probability distributioh(Zy, (i), Z.(i)) is given by
P(Zp (i), Ze(i)) = N(0, 2), (19)

where X, is given by (6). The received vectd?g is made available to the cognitive receiver by

. . Hy p Hep/Vea
transforming the channel matric&$, . andH¢./\/a to K; = and Ky =
Hp7c :[_]:070/\/a
Y0
respectively. Hence, the received vector at the cogniteeiver is P
Y.

Lemma 5.2:The capacity region of the scaled MIMO cognitive channel M(3CA) is a superset of

the capacity region of the scaled MIMO cognitive channel (3BJ.

Proof : Let the rate paifR,, R.) be achievable on the SMCC. That is, for all e > 0, there exists
an and a sequence of encoder decoder pairs at the licensed gndiveo transmitter and receiver
(BEy :myp — Xp", Dy e Y — 1y, B (my,me) — X", Dyt 2 Y — 1) such that the codewords

Xp" and X" satisfy the power constraints and the probability of degdérror is small( Pr(m, #
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Power Constraint Zp

13

Power Constraint Zy

Licensed SourceP» o l Licensed Receiver Licensed SourceP» i L Licensed Receiver
P 54

Xp(my) Y, Xp(my) +)—Y,
-
Subset
Hep/ e Y,
Xc(?ﬂz,, m(,) Y, Xr(mp-, nlr) 4 ) — v
Cognitive Source He./a T Cognitive Receiver Cognitive Source Ky Y.
Power Constraint Power Constraint R Cognitive Receive
ab, Ze abl; Zp
Scaled MIMO Cognitive Channel (SMCC) Z,

Scaled MIMO Cognitive Channel A (SMCCA)

Fig. 4. Capacity Region of SMCC Capacity Region of SMCCA

my) < €1, Pr(me # m.) < e2). In the SMCCA, we can use the same encoder decoderf{jaand D)
at the licensed transmitter and receiver to achieve akgt@ith probability of decoding errok ¢;. Also,
by ignoring the received vecto?g at the cognitive receiver, we can ug® and D} at the cognitive
transmitters and receivers to achieve a fatevith the decoding probability of errot 5. Hence, the rate
pair (R, R.) is achievable on the scaled MIMO cognitive channel A (SMCCH)erefore, the capacity
region of the SMCCA is a superset of the capacity region ofSMCC. [ |

Transformation 3 (scaled MIMO cognitive channel A (SMCCA) scaled MIMO cognitive channel B
(SMCCB) ) : The scaled MIMO cognitive channel (B) is definedFigure (2d) and Figure (5). The

H
channel matrix from the licensed transmitter to the cogaiteceiver is modified froniK; = PP
Hp,c
| Hy, _ N _ Y
to Ky = . Hence, the received vector at the cognitive receiver igrgivy where
0 Y."
Y." = Heo X"+ Z.". The intuition behind the transformation is to remove thigjioal interference

Ja

caused by the licensed transmitter to the cognitive receive

Lemma 5.3:The capacity region of the scaled MIMO cognitive channel BACECB) is equal to the
capacity region of the scaled MIMO cognitive channel A (SMQC

Proof : Let the rate paifR,, R.) be achievable on the SMCCA. This implies that for everye, > 0,
there exists encoder-decoder pair for the licensed UBgf(¢;), D (1)) and for the cognitive user
(El(e2), D (e2)) such that the probability of decoding error is less thaande, respectively for the li-

censed and cognitive user. L&t d2 € (0, 1). In SMCCB, the licensed user can emplB§ (min(d1 /2, d2/2)),
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Z,
Power Constraint ! Power Constraint Zr
Licensed Sourcé» ,, i Licensed Receiver | ;o004 sourcds o L Licensed Receiver
X, (m,) : Y, X, (my) by v,
K —
Equal
Y ~
Xelrmy, me) - ’ Xy, mo) D
Cognitive Source Ke T Y. Cognitive Source K, Y.
Power Constraint . Cognitive Receiver Power Constraint 1 Cognitive Receive
aP, Zy aP. Z,
Z, Z;
Scaled MIMO Cognitive Channel A (SMCCA) Scaled MIMO Cognitive Channel B (SMCCB)

Fig. 5. Capacity Region of SMCCA = Capacity Region of SMCCB

Dy (min(d1/2,d2/2)) to decoden,, with a probability of error< 4, /2 < ¢;. The cognitive receiver uses
Ep(min(61/2,02/2)), Dy (min(d1/2,02/2)) on Yg to obtainm, with probability of error< §,/2. The
cognitive receiver can now construt,” and hencel, .X,". Thus, the cognitive receiver recovers
Y." = Hp Xp" + %ch + Z.". Now, it uses,El(d2/2), D?(d2/2) to obtainm,. with probability

of error < §,/2. Clearly, the probability of error in recovering. is less than,. Hence, the rate pair

(Rp, R.) is achievable on SMCCB. Therefore, the capacity region oC&M is a superset of the capacity
region of SMCCA.

Let the rate paif(R,, R.) be achievable on SMCCB. Then, for evety e, > 0, there exists encoder-
decoder pair for the licensed us@r, (1), D, (e1)) and for the cognitive us€i&;’ (e2), D¢ (e2)) such that
the probability of decoding error is less thanand e, respectively for the licensed and cognitive user.
Let 1,92 > 0. In SMCCA, the licensed user can empléy (min(d1/2,d2/2)), Dy (min(61/2,52/2)) to
decodem,, with a probability of error< ¢, /2 < 6,. The cognitive user employB} (min(d1/2,2/2)),

Dy (min(d1/2,62/2)) on Yg to obtainm, with probability of error< é,/2. The cognitive receiver can
now constructX,” and hencdd, . X,". Hence, the cognitive receiver subtraklg . X" from Y." to
obtainY.". The cognitive receiver can now ugg?(d,/2), D" (d,/2) to obtainm, with probability of

error < d2. Thus, the rate paifR,, R.) is achievable on SMCCA.
Therefore, the capacity region of the SMCCA is equal to theacdy region of the SMCCB. ]

Transformation 4 (scaled MIMO cognitive channel (B)scaled MIMO broadcast channel A (SMBCA)):
The scaled MIMO broadcast channel A (SMBCA) is defined in Fég{2e) and Figure (6). We let the

two transmitters to co-operate and transform it into a becaat channel with a sum power constraint
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of P, + aP.. The new channel matrices from the combined transmittethiedicensed and cognitive

Hpp Hep/va
0 Hc./Vo

Lemma 5.4:The capacity region of the scaled MIMO broadcast channel MBESA) is a superset of

receivers are given b, = | H,, Hcp/va andK = respectively.

the capacity region of scaled MIMO cognitive channel B (SME}C

. Zy Zp
Power Constraint ) .
Licensed Source’” i i Licensed Receiver l Licensed Receiver
Xp(my) bp Y, Y,
Go
C Joint Source
S_ubset X (my, m.)
Power Constraint ¢ .
y P, +aP, Y
X(:("va 7”(:) + Y;) r ‘
Cognitive Source K, T Y. Y.
Power Constraint R Cognitive Receiver R Cognitive Receive
aP, Zy Z,
Z,. Z.
Scaled MIMO Cognitive Channel B (SMCCB) Scaled MIMO Broadcast Channel A (SMBCA)

Fig. 6. Capacity Region of SMCCB Capacity Region of SMBCA

Proof : Let the rate paifR,, R.) be achievable on the SMCCB. In the SMBCA, using no collalonat
between the two transmitters and using separate powerraoristof P, anda P, respectively, we reduce
the SMBCA to the SMCCB. Hence, the rate pgit,, R.) is achievable on the SMBCA. Therefore, the
capacity region of the SMBCA is a superset of the capacitjoregf the SMCCB. [ |

We have showed that for any > 0, Carcc = Csmce € Csvcoa = Csvcen € Csmpea- Hence, the
capacity region of the scaled MIMO broadcast channel A (SMB(S a superset of the capacity region

of the MIMO cognitive channel (MCC).

Proof of Theorem (3.2) In the SMBCA, letQ,, denote the covariance matrix of the codeword for the
licensed user and €}, denote the covariance matrix for the cognitive user. The S¥Bs a physically
degraded broadcast channel. Hence, the capacity regidredVMBCA (as described by [16]) is given
by the convex hull of the closure of the set of rate pairs deedrby

(Ry,Re): Ry > 0,R. >0

R, < log ‘1 + G, QpGh + G.Q Gl
Re < log |2, + KQCKT| ~ log ||

“log \I + GuQ.Gl

Csmpea=Cl | Co (20)

VQp = 0,Qc > 0 such thatTr(Qp) + Tr(Qc) < P, + oF.
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Also, this is the outer bound of the MCC. Hende®:>* described by (8) is an outer bound on the

out
a,
out

9). n

capacity region of the MCC. Hencéy;cc C R.7*. Also, Chroc € Rout, WhereR,,: is described in

Transformation 5 (scaled MIMO broadcast channel A (SMBCA)scaled MIMO broadcast channel
(SMBCQC)) : The scaled MIMO broadcast channel (SMBC) is defime#igure (2f) and Figure (7). We

n

change the received vector at the cognitive receiver flom ” | to Y.". This is done by changing
Y.
the channel matrix from the joint transmitters to the cageiteceiver toK = | Heo/Va |-

Lemma 5.5 ([22]): The capacity region of the SMBCA is a superset of the capaeiion of the scaled
MIMO broadcast channel (SMBC).

Zyp Zp

i Licensed Receiver i Licensed Receive

H—y, . H—Y
Joint Source / D) Joint Source :
X (my, m.) m X(my, m)
Power Constrm . (Partly Equal) Power Constraint K
P+ aP. O {Y} P, +oP. 7.

E ) Cognitive Receive
Zp Cognitive Receiver Z.
7 Scaled MIMO Broadcast Channel (SMBC)
.

Scaled MIMO Broadcast Channel A (SMBCA)

Fig. 7. Capacity Region of SMBCA Capacity Region of SMBC

Proof: Let the rate pai(R,, R.) be achievable on the SMBC. That is, for all ez > 0, there exists a
and a sequence of encoder decoder pairs at the transmitteharwo receiver$E™ : (m,, m.) — X",
Dy Yp" — my, D Y — ) such that the codewo” satisfies the power constraint 8§ +a P,

and the probability of decoding error is sméaiPr(m, # 1m,) < €1, Pr(m. # 1m.) < €2).

In the SMBCA, the transmitter and the receivers use the sarimg strategy. The licensed receiver can
decode message, at a rateR,. The cognitive receiver can ignof@g and use jusfY,." to decode
messagen, at a rateR.. Hence, the rate pailR,, R.) is achievable in the SMBCA. Hence, the capacity

region of the SMBCA is in general a superset of the capacifjoreof the SMBC. [ |

We describe two more lemmas whose results will be used in thef pf Theorem (3.3).
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Lemma 5.6 ([22]): Let Csarpo denote the capacity region of the scaled MIMO broadcast reélashec-
sribed in Figure (2f). Then, for any > 1,

sup uR, + R, = inf sup uRy + Re.
(Rp,R:)ECsmBCe 28 (Rp,R:)ECsmBca

The proof is described in [22, Section 5.1].

We consider the MIMO broadcast channel depicted in Figue (@&th ¢; + ¢ transmit antennas;
antennas at receivérandr, antennas at receiv@ The channel matrix to the first receiver is given by
H,; = [H;y; 0], while the channel matrix to the second receiver is giventhy = [H2; Hao|. Here,

Hyq € C*h Hyy € C™*h andHae € C2%%2. Let Rpc,1 denote the set of rate pairs described by

Zy

Receiver 1 {, antennas) Transmitter 1 {; antennas)

——Yi=HX + 72 X
H Z
Power Constrain’
Transmitter X ——Y = H{ X, + HiXo + Z
H, = [Hy Hy) .
H}

(t; + t, antennas) Receiver {; + ¢, antennas)

—— Yo = o X + 7, X
2

Receiver 2 {; antennas) Transmitter 2 {, antennas)

Z>

Figure (8a) : Broadcast Channel Figure (8b) : Dual MAC channel

Fig. 8. Broadcast and Dual MAC channel

(Ri,R2) : R1 > 0,Ry >0

Ry <log [T+ H; =, Hy'|
Rpcy =Cl| Coq Ry <log|l+ HyE Ha! + HySoHo'| — log [T+ Ha 3 Ho! . (21
211 0
vz]1 = = 07 22 = OyTr(El + 22) < P
0 O

\
Similarly, let Rpc 2 be the set of rate pairs described by

(RB1,R2) : R1 > 0,Ry > 0
Ry <log|T+H;3H; " + Hi 3 Hy | — log |T+ Hy 3,H,

Rpcz =Cl| Coq Ry <log|l+ HyS,Hy'| . (22
211 0
v231 = i 07 22 i OyTr(El + 22) S P
0 0
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In the above equationX4 is at; x t; matrix. LetCpc be defined as follows
Csc = Cl(Co(Rpci URBc2))- (23)
Lemma 5.7:Cp¢ is the capacity region for the broadcast channel describdtigure (8a).

Proof : The dual MAC channel of the broadcast channel is describeligure (8b). The dual MAC
channel has the same sum power constraint as the broadeastethFrom [23][16][17], we know that
the capacity region of the broadcast channel given in Fig8ag is equal to the capacity region of the
dual MAC channel given in Figure (8b). To find the capacityioagof the broadcast channel, we need

to consider both possible encoding order for the users.

We first consider the case when uges encoded first. Suppose, we use a covariance magifor user
1 such that the first; x t; component i2;1. Similarly, let X5 be the covariance matrix used for user

2 such that the first; x t; component iS¥,;. The rate achieved for useéris given by

Ry =log|I+H;3H; ' + Hy X Hy | — log [T+ Hi3oH,y |
=log [T+ H11221Hy1" + Hy1 311 Hyp | — log [T+ Hy1 22 Hyq |
We can see that only thE;; component o, affects the rata?;. Also, rateR, is not affected byx1,

because use? is encoded second and hence sees no interference. Herecenpibigh to considex; of
11 O

0O O

the formX{ =

Next, we consider the case where u2dés encoded first in the broadcast channel. This would coomsp
to userl being decoded first in the dual MAC channel (from [23]). Le tovariance matrices used in

the MAC channel b&); and Qs for usersl and2 respectively. Then the rates achievable are given by

Ry =log [T+ (I+ Ha21'Q2Hz1) "Hy1 1QHuyy|

(24)
Ry = log [T+ Hz'Q2Hoa|.

Let 3, andX, denote the covariance matrices in the broadcast chanre giy the MAC-BC transfor-
mation as done in [23]. LeB; = I+ Hy1'Q2Hy; and A, = I+ Hy3Hy'. Then R, can be written
as

Ry =log [T+ By Y*H;,'Q:H1: B, V/2|. (25)

R; can be thought of as the rate achieved in a single user MIMOhretawith effective channel

B; /?H;;' and covariance matrixQ;. R; can also be achieved in a single user MIMO channel

November 13, 2007 DRAFT



19

where the channel is flippedi;;B; '/ with a covariance matrixQ, such thatTr(Q;) < Tr(Q:)

[23, Appendix A]. That is,R; can also be written as
R, =log ‘I + H11B1_1/261B1_1/2H11T‘ . (26)

Similarly, we write R, as
Ry = log ‘I—F HzTA2_1/2A21/2Q2A21/2A2_1/2H2‘

- (27)
= log ‘I + A2_1/2H2A21/2Q2A21/2H2TA2_1/2‘ .

Here,Ho A5~ 1/2 is the effective channel with covariance matfix!/2Q2A5'/2, andAs'/2Qo A5/ is

the covariance matrix of the flip channkb—/2H, such thaflr(A2/2Q2A21/2) < Tr(A2Y2QaA0?).

In the broadcast channel, we can see that using covarianciEesagiven by

B,~12Q,B, /2 0
0 0

3 =

] and 3, = A,'/2Q2A512,

and encoding use? first, we can achieve the rate pdiR;, R2). We now show that the covariance

matricesX¥; and X, satisfy the power constraint. Following steps similar tosih used in [23, Appendix

B], we get
Tr(¥2) = Tr(A2'/2QaA,'?) < Tr(A2Qz2) (28)
= Tr(Qz) + Tr(He 31 Hy'Qs) = Tr(Qz) + Tr(Z1H2'Q2Hy).
Adding Tr(X;) to both sides, we get
Tr(21) + Tr(T2) < Tr(Qz) + Tr(E1(I+ Ha'QoHy))

= Tr(Qz) + Tr(B1~/?QB1~ /(T + Hz1'Q2Ha1))
= Tr(Qz) + Tr(By/?Q, By /?By) (29)
= Tr(Qz) + Tr(Qq)
< Tr(Qz) + Tr(Qu).

Hence, when use? is encoded first in the broadcast channel, we have shown lthheaate pairs can

b 0
be achieved by just considering covariance matrices of dhm &, = H . Hence, the entire

0O O
capacity region of the broadcast channel can be achievednsidering covariance matrices of the above

form. This completes the proof. |
We now give the proof for Theorem (3.3).

Proof of Theorem 3.3 It was shown in [16] that Gaussian codebooks (i.e., codebgenerated using

i.i.d. realizations of an appropriate Gaussian randomaée) achieve the capacity region for the MIMO
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broadcast channel. In SMBC, 1€, denote the covariance of codewaXd" for the licensed user and

Q. denote the covariance matrix for the cognitive user. Theadamce matrices satisfy the joint power

constraintl'r(Qp + Qc) < P, + aP,.. As the channel matrix to the cognitive useri{s= [0 If/a] the

0o o
covariance matrixQ. is of the formQ. = (from Lemma 5.7). LetR¢, 5, denote the
0 Ec,c 7

set of rate pairs described by

(Ry,Re): Ry >0,R. >0

R, <log(|I + GoQpGl + 1H, , S HL p[) — log(JT + L1He X HL 5))
Re <log(|T+ 1Hc X Hlc])

VQp = 0,3:c = 0andTr(Qp) + Tr(Xee) < Py + aF,

Rempoy =Cl| Co

7

(30)
Similarly, let R§,,5c» denote the set of rate pairs described by
(Ry,Re): Ry > 0,R. >0
R, < log([T+ GoQpGh
Repca = Cl | Co p < log(] QpGal)
R, <log([T+ KQpK! + 1H, ;3¢ HL ,|) — log(|T + KQpKT|)
VQp = 0,%:c = 0 such thatl'r(Qp) + Tr(Xec) < P, + aP,.
(31)

The capacity region of SMBQ sy ¢ is the closure of the convex hull &5, 5, URS )50, That
is,
Csmc = Cl(Co(Rsmpe URsvpe))- (32)

We can see thaiR®

part,out

described in (12) equalR$,, 5 1 anngﬁz described in (8) equaldsyrpca-

Hence, it follows that for any, > 1,

sup ulR, + R, = _inf sup Ry +R., Y a>0
(Rp R)ER o Q2220 (g, R.)ers T

VI. OPTIMALITY OF THE ACHIEVABLE REGION

In this section, we show that the achievable region desgriyeRR;,, in (4) is optimal for a portion of

the capacity region boundary. In particular, we show thatalby > 1,

sup  uR,+ R, = inf sup uly + Re
(vaRC)eRm a>0 (RP7RC)ERga7‘t,out
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We denoteR,ch, rate, the set of all((R,, R.), Xp, Xc p, e, Q) given by

((RP,RC), Y, Yepi e Q) Ry >0,R.>0,X,-0,%:,>0,%:.>-0
Ry <108 [T+ GEpnot G + He,pTe,cHlp| — log [T+ He,pTe HLp
Racturate =4 R, < log |+ He,cTe i

Xp Q

Ep,net = =0
Q" Sep

(33)

The rate pair that maximizegR, + R. in the achievable region is given by solving the optimizatio

problem

Sup((RP7RC)7EP72c,p7Ec,C7Q) MRp + Rc
such that((Ri”’ RC)’ ZIN ZC,Pv z]C,Cv Q) € Rach,rate . (34)
Tr(zp) S Ppa Tr(Ec,p + 2c,c) S Pc
We define the functiond (R, R., Xp, e p, Tcc, A1, A2) andg(R,, Re, Xp, X¢ p, 3e,c) as follows
L(RIN R, 2p> ZC,pv Ec,ca /\17 >\2) = /LRP + R, — )\1(T1"(Ep) — Pp) — /\2(Tr(zc’p + Zc,c) _ Pc)) (35)
Q(Rpa Rc; 2p7 EC,pa 2c7c) = )\12%1})\1120 L(Rp7 Ra 2p7 Z:c,pa Ec,m )\17 )\2) (36)

The optimization problem given by

maX(vaRC7zp,zc,pyzc,c,Q) g(RIh RC? 21)7 z}C,pa EC,C)
such that((R,, R.), Xp, Xc p, c,c: Q) € Rach,rate

(37)

has the same optimum value as that of (34). This is formaliyestin the lemma below.

Lemma 6.1:Let M denote the optimal value of the optimization problem defime(B84), andU denote

the optimal value of the optimization problem defined in (3iMen,M = U.

Proof : We will show that for any set of covariance matric€s,, X p, Xc ) that do not satisfy the
power constraints given by (2)(R,, R., Xp, 3¢ p, Xc,c) = —00. The power constraints can be violated

in three manners :

o Tr(Xp) > P, andTr(Xep) + Tr(Xee) < P. @ In this case\; will take an arbitrarily large value
and Xy = 0 to drive g(Ry, R, Xp, e p, Xc,c) 10 —00.

o Tr(Xp) < P, andTr(X.p) + Tr(Xcc) > Fe : In this case\; = 0 and X\, will take an arbitrarily
large value to drivey(R,, Rc, Xp, Xc p, Xe,c) 10 —00.
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o Tr(Xp) > P, andTr(X. p) + Tr(Xcc) > Fe @ In this case\; and Xy will take arbitrarily large
values to driveg(R,, R, Xp, X¢ p, Xe,c) 10 —00.

When both the covariance matrices satisfy the power can&raith inequality, them\; = Ay = 0. This
is becauseTr(X,) — P, andTr(X. p, + X o) — P are both negative. Hence, for any positive value of

)‘1 or )‘21 L(Rp7 R07 2])7 2C,}Z)J 2C707 )‘17 )\2) 2 L(Rp7 RCJ 2])7 2C7p7 ZC,C7 07 0)

When one of the power constraint is satisfied with equaldy, B (3,) — P, = 0 and the other power
constraint is satisfied with inequalitir(X. , + X¢c) — Pe < 0, then, we will have\; = 0 and A; will

be some real number. In any case, we still hay€Ir(X,) — P,) = Ao (Tr(Zep + Zee) — Pe) = 0.

Similarly, when the first constraint is satisfied with ineliyaand the second constraint satisfied with
equality, we have\; = 0 and A\, is some non negative real number. We havéTr(X,) — P,) =

Xo(Tr(Bep + Xee) — Pr) =0.

Finally, if both the power constraints are satisfied with @&y A\, and A, are some non-negative real

numbers. And\; (Tr(Xp) — BPy) = Xo(Tr(Zep + Xee) — Pe) = 0.

Hence, in all the cases, the complementary slackness aorsldre satisfied. Hence, the optimal solution
of the optimization problem (37) satisfy the power consiiiand the objective function reduces to that
of optimization problem (34). Hence, both the optimizatgoblems have the same optimal values. That

is, M =U. [ |

Next, we find the optimum value @fR, + R. over all the rate pairs rate pair that are in the outer bound

region described by (12). This is done by solving the follogvbptimization problem.

SUD((R,,R.),.Qp,Se.) HEp + Re

such that((R,, R.), Qp, Xc.c) € Rourt convrate - (38)
Tr(Xee) + Tr(Qp) < aP. + P,
WhereRy ..t convrate 1S the set of quadruple§ R, R.), Qp, X c) described by
(Rp, Re), Qp, Bee) : Ry >0,R. >0,Qp = 0,Xcc = 0
R, <log ‘I + éHc,czc,cHi,c
(39)

We let the optimal solution of (38) to be denoted By «). As the optimization is over the outer bound

RS, the solutionN(a) > M,Va > 0. Let N = inf,~o N(«). Then, N is given by the optimum

part,out?
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value of the followinginf sup optimization problem
Sup((RlﬂRC)’QP’Ec,c) 'U/Rp + Rc
N = OIZI;% such that((R,, R.), Qp, Xc.c) € O it conu rate
Tr(Xee) + Tr(Qp) < aP. + P,

The infimum constrainée > 0 is not a compact set. We modify the constraintom « € RT U{0, cc}.

(40)

This is done to compactify the set by adding two extra symbadsid co. The point zero is added to
make the set closed. The process of adding the pwint called one point compactification. Details
on one point compactification can be found in [24, Sectior]. Z8e new spacex € Rt U {0, 0} is

compact and Hausdorff.

The optimization problem after changing the constraintoget. becomes

Sup((RP7RC)7QP720,c) 'U/Rp + Rc
Ny= _ nf such that((Ry, R.), Qp, Ze.c) € RS,

a€RTU{0,00} part,conv,rate

Tr(Xee) + Tr(Qp) < aP. + P,

(41)

We now show that adding the two poiritindoo to the constraint set o does not change the optimum

value of the optimization problem. This result is formalkated and proved in the following lemma.

Lemma 6.2:The optimum value of the optimization problem given by (48),s equal to the optimum

value of the optimization problem described by (44),. That is, N = Nj.

Proof : For anya € RT U {0,000}, we leth(«) to denote the value of the inneup problem. That is,

h(a) = sup(r, R.),Qp 3..) 2 + Re
such that((R,, R.), Qp, Xc,c) € R

part,conv,rate

Tr(Xee) + Tr(Qp) < aP.+ P,

We show thafim inf, .o () = liminf, o h(a) = oo.

(42)

Letting « — 0, we put all the power in¥X. .. That is, we choos&, = 0, ., = 0, Q = 0 and
Yoo = 2L, . Also, we take

1 P,+aP
Ry=0andR, =log |1+ — -2 “"cH, H

a Net
It follows from (39) that((R,, Rc), Qp, Xc.c) € Rpart.convrate- AlSO, Tr(Qp) + Tr(Bee) = Py + aP.
Hence, ((R,, R.), Qp, Xcc) Satisfy all the necessary constraints of (42). Substgutimese particular

values of((R,, Rc), Qp, Xc.c), We get a lower bound oh(«). That is,

1 P, + aF,

liminf h(e) > liminflog|I+ ‘H..H|
a—0 a—0 ’

= 00. (43)

o Nyt
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Next, we look at the situation when — oo. In this case, we put all the power B,. That is, we choose

¥, = Bty Sep =0, Z..=0andQ = 0. We also choose

P Np,t
n Py, +aP.

H, H!
P,P , N
np,t p,p

R.=0andR, =log |I
These values of(R,, R.), Qp, Xc,c) Satisfy all the necessary constraints of (42). Hence, we hav

P P.
liminf A(er) > liminf plog |+ prake

a—00 a—00 Nt

prHI),p = (44)

Hence,h(a) = oo whena = 0 or a = co. Also, whena € RT, h(a) < co. Hence, the optimum value

of (41) is reached when is neither0 nor co. Hence,N = N;. ]
As Q,, is the covariance matrix of the codewaXdi),: = 1, ...,n for the primary user, it can be written
as
Xp Q
Q=1 " . (45)
Qf Zcp

It is easy to see that the s&, ., .., described in (11) can also be written as
<(RZ)7 RC)7 ZFM 23C,pv Q> z:c,c> : Rp 2 07 RC 2 07 z:p i 07 z]C,p i 07 EC,C i 0

@ —
part,conv —

Ry < 105|T+ GQpG' + HepSe Hlp| — log |+ HepSeHlp (46)
R. <log ‘I + Hc,CEC,CHiﬁ

Tr(Xp) + aTr(Bep) + aTr(Bee) < Py + o,
whereG = [H, , Hcp]. This is done by transformin®, X p, 3¢ ¢ into /aQ, aX ,, aX, ;. respec-
tively. We defin€R ,q¢,conv,rate @S follows

(Rp, Re), X5, Bep, Q,3ce) : Ry >0,R.> 0,2, = 0,%cp, = 0,30
Ry < log |1+ GQpGl + HepTocHLp| — log |1+ HepTeHlp

¥, Q

Q" Zep

Rpart,conv,rate =

R, <10g |1+ He,oTecHle

5 Qp:

(47)
Hence, the optimization problem (41) can be written as

Sup((R:D7RC)72pyzc,p7Q72c,c) ,Usz + RC
N = QEREBEOW} such that((R,, R.), Xp, Xcp, Q, Xc.c) € Reonv,rate (- (48)
Tr(Xp) + aTr(Xep) + aTr(Xe o) < Py + al:
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We describe the following lemma for swichingin and max in minimax problems. The lemma is

described and proved in Theorem 2 in [25].

Lemma 6.3:(Ky-Fan’s minimax switching theorem [25, Thm. 2]) L&t be a compact Hausdorff space
andY an arbitrary set (not topologized). Létbe a real-valued function o x Y such that, for every

y €Y, f(xz,y) is lower semi continuous oX. If f is convex onX and concave oY, then

inf sup f(z,y) =sup inf f(x,y).? 49
Inf y@gf( y) sup Inf f(z,y) (49)

We see that the objective functiomR, + R. is concave with respect to the maximizing variables
((Rp, R¢, Qp, X¢,c) and convex with respect to the minimizing varialte The constraint space <
R U {0,00} is compact and Hausdorff [24, Section 2.8]. Hence, all thedi@ns of the lemma are
satisfied. Hence, by Ky-Fan’s mini-max switching theorerB][2ve can interchange theip and inf
without affecting the optimum value. Hence,
inf
N = sup a € RTU{0,00} pR, + Re.
(Rp,Re),2p,Be,p,Q,Ec,c) ERpart,conv,rate
Tr(Xp) + aTr(Zep) + aTr(Xe o) < P+ aP,.

(50)
Similar to the functiond andg defined in (35) and (36), we define the functibn(R,, R, Xp, Xc p, Jc,c, A, @)
andgi(Ry, R, ¥p, X¢p, Bc,c, ) as follows

Li(Rp, Re, Xp, X ps Ze,cy A, ) = Ry + Re — ANTr(Xp) + aTr(Xe p) +aTr (e o) — Py —al:). (51)
91(Rp, Re, Xp, Xg p, Tgc, () = gi(-‘) Li(Rp,Re, Xp, Zcps Tc,cs A, ). (52)
We define the following optimization problem
V= sup inf 91(Rp, Re, Xp, X p, Xicc, ). (53)
((RP7RC)7213720,137Q720,C)€Rconv,7‘ate CYGR+U{0,00} ( Y ‘ p ¢ p o )

Lemma 6.4:The optimum value of optimization problem (50), N is equathe optimum value of the

optimization problem (53), V.

Proof : The proof of the lemma is along the same lines as the proofenfirha (6.1). We show that for
any set of covariance matric&s,, 3., and X . that do not satisfy the power constraifit(3,) +

aTr(Xep) + aTr(Bee) < Py, + aFe, g1(Rp, Re, Xp, X p, Ve, @) = —oo. This is becauselr(X,) +

2In (49), theinf can be replaced witmin, but we useinf throughout to maintain continuity and to avoid confusion.
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aTr(Bep) +aTr(Be o) — Py, — aP. is negative, and hence,will take an arbitrarily high value to drive
91(Rp, Re, Xp, e p, X, @) t0 —o0. Hence, the outer supremization problem will ensure thapthwer

constraint is satisfied.

Moreover, when the power constraints are satisfied withuaéty, thenTr (X, )+aTr(2c p)+aTr(Xec)—
P, — P, is negative. Therefore, for any> 0, we haveL(R,, R., Xp, Xcp, Xc,c, A, ) >

Li(Rp, R, Xp, Xc ps Xic,c, 0, ). Hence \ will take the value zero. When the power constraint is satisfi
with equality, thenTr(X,) + oTr(Xcp) + oTr(Xee) — P, — aP. = 0. Then, A will take some non
negative real number. Hence, the complementary slackrawdition is satisfied. Hence, the optimal
solution of the optimization problem satisfy the power doaigt and the objective function reduces to
that of (50). It follows that, the optimum value of the optration problem (50)NV is the same as the

optimum value of the optimization problem (53), [ |

Next, we show that the optimum value of the optimization jeob (37),U is an upper bound on the

optimal value of the optimization problem (53,
Lemma 6.5:The optimal value of (37)/ is an upper bound on the optimal value of (50),

Proof: Both the optimization problems asap min problems. For any; > 0 andXs > 0, we can choose
A= /\1 anda = )\2/)\1 SO thatLl(Rp, Rc, Zp, Ec,p> Zc,m )\, Oé) = L(Rp, Rc, Ep, Zc,pa EQC, /\1, )\2)
Hence, for any((R,, R.), Xp, Zc p, e.c),

AZO,aEﬁl*fU{O,oo} Ll(Rp7 R, Ep, 2c,p7 20,07 A, Oé) < AlZIOI,liZO L((Rp, R, Zp, Ec7p, Zc,c, A1, )\2). (54)

AlsO, Reonv,rate = Rach,rate- HENCE, it follows that” < U. [ |
We can now prove Theorem 3.4.

Proof of Theorem 3.4 :The proof of the theorem follows directly from Lemmas 6.4 énd 6.5. From
Lemma 6.1, we have that the optimum value of the optimizagimmblem (34),M equals the optimum
value of optimization problem (37}/. From Lemma 6.4, we have that the optimum value of optinozati
problem (50),N equals the optimum value of the optimization problem (383),As M is the solution
of the optimumuRR, + R. over the achievable region and is the solution of the optimum R, + R,
over the outer boundy/ < N. From Lemma 6.5, we also havé < U. Hence, we have that the optimal
value of the original optimization problem (34)4 is equal to the optimal value of the optimization

problem described by (50)Y. Hence, the achievable regidy;,, is p-sum optimal fory > 1. [ |
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VII. NUMERICAL RESULTS

In this section, we provide some numerical results on thecipregion of the MIMO cognitive channel.

We consider a MIMO cognitive system where the licensed amhitive transmitters have one antenna
each, and the licensed and cognitive receivers have onewandritennas respectively. We assume that
the channel coefficients are real and also restrict oursefeal inputs and outputs. We generate the

channel values randomly

—0.3510 0.9409
H,p, =1.4435 Hp.= , Hep=0799, Hcc=
0.6232 —0.9921

We assume a power constraint®ft the licensed and cognitive transmitters. In Figure (9,piot the

achievable regioR;, and partial outer boundg?,,, . for different values otv. Figure (9) shows how
2.5 ! ! ! ! ! !
: : : Achievable Region
MPRNE 0.5 Outer Bounds for Different a
2 GOSN N a
| N | | |
1.5 SRR R : S
(&)
x
N\ .0 =10
(N S \ N N a
a=3
OB o N S
0 L L Il | L 1
0 0.5 1 15 2 2.5 3 3.5
R —>

Fig. 9. Plot of Achievable Regiofk,,, and partial outer boundR .+ ... for different values of
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Rpart.our INtErsects withR;, at different points for different values of.

Remark 7.1:Note that the boundary a®;,,, ., can meet with the boundary @&, even at points that
corresponds tq.-sum for i < 1. This is because, the restriction pf> 1 applies only in Lemma 5.6
and Theorem 3.3. In fact, for every poitR,, R.) on the boundary ofR;,, there existd) < a < oo

so that(R,, R.) lies on the boundary .. Note that this does not mean tHaf,, achieves the

«
part,ou

entire capacity region. This is because, at points corredipg to .- sum foru < 1, the regionR¢,

part,out

is not an outer bound.

Next, we find the maximum value of rate than can be supportaléijcensed user. In both the achievable
region and the outer bound, this corresponds to maximizuegutsum R, + R. wheny — oo. This

would correspond to using all the power to support the lieednsser.

Maximizing R, over R;, : The cognitive transmitter uses all its power for helping tltensed user.
That is Tr(X. ) = P.. This then reduces to a MIMO channel with channel matrix giby G =
[ H,, H., |- The licensed transmitter has a power constrainb,pénd the cognitive transmitter has
a power constraint of’.. Applying this to our example channel, we hatle= [ 1.4435 0.799 ] The
optimum covariance matrix is of the form

5 op

5p O

wherep is the correlation between the two transmitters. Therefiwe rate achieved by the licensed user

z)p,net =

is
1
Rylp) = 5 log(1 + GXp netG')

The maximum rate is attained at= 1 and the maximum value aR,, is 2.3542.

Maximizing R, over R;,.; ,,: - FOr a givena, this reduces to a single user MIMO channel wiih, =
[ H,, H.p/\/a | andasum power constraint 6f,+ar. Note that, there is a significant difference
between the two single user MIMO channels. The MIMO chaninal we considered when solving the
maximum value ofR, in the achievable region had individual power constrairitsha licensed and

cognitive transmitter. However, the MIMO channel we obtainen solving for the maximum value of

R, over RS

part,out

has a sum power constraint. This is a conventional MIMO ckhand the optimum

covariance matrix is obtained by waterfilling. For a giventhe bestR, is got by

max Ry(a) = %log I+ GoXpnetGal
such thatTr(Xp net) < P, + aF;
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It is easy to solve this problem if we look at the flipped chdr@é. The capacity of the flipped channel

is given by
| . | ,
Ry(a) = 5 log [T+ GL(P, + aPc)Ga( ~ 5 log (1 (P + aPC)GaGa> .

Note thatR,(«) is an outer bound on the maximum value Bf. The best upper bound is got by
minimizing over all possible values @f. The optimum value ofv is got by solving a cubic equation

2(0.799)2a2 + (0.799)2a? — 1.4435% = 0, and its approximate value £9689.

VIIl. CONCLUSIONS

In this paper, we derived an achievable regip, and an outer boundzg“&tzz for the MIMO cognitive

channel. We showed that the achievable regionisum optimal for ally > 1. This gives us the
sum capacity of the MIMO cognitive channel as described BY).(Future work will concentrate on

determining the remaining portion of the capacity regiorthef MIMO cognitive channel.
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