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Abstract— THIS PAPER IS ELIGIBLE FOR THE STUDENT  defined to be the distance-weighted sum of rates of a network,
PAPER AWARD. The transport capacity of a class of erasure and provides a convenient scalar description of the amount
networks with broadcast and interference constraints is sidied ot yraffic that a network can support. For a wireless network
in this paper. A memoryless network model is considered, wit . o . . . .
transmitted symbols constrained to belong to a finite field. W'Fh addltlye Gaussu’_;m n0|§e, Xie and Kumar (8] proylded
Connections between nodes are modeled to be independen@ information-theoretic scaling law that shows, underaiert
erasures, with the probability of the existence of a “link” between high-attenuation conditions, the transport capacity ceowg
any two nodes decaying exponentially with increasing geogphic  no faster than linearly in the number of nodes in the network.
distance between those two nodes. Franceschetti et al. [9] demonstrate that linear growthhim t

Each node obeys a broadcast requirement. In addition, each number of nodes is achievable in a random network with an
receiver obtains the finite-field sum of the unerased symbolsent

along all the edges connecting to it (an interference conddn). additive Gaussian noise model using routing alone (and no
In this setting, the transport capacity is bounded above by a network coding).
Iine_ar growth terr_n_in the number of _nodes, for_any _netvvork Our goal in this paper is to show that routing is order-
which obeys a minimum node separation constraint. Finallywe i\ (in terms of the transport capacity) inadom erasure
show that this linear growth is achievable in random networks . .
by employing routing. network that has, in its model, both broadcast and intemfare
The main thrust of this paper is its conclusion: Routing is conditions built-in. Our links are modeled as possessinig-n
order-optimal in a random broadcast erasure network. Thus, pendent erasures, where the erasure probability depends on
network coding can only provide a constant gain in performarte. the distance between corresponding transmitter-receiar
This is used to model the network-layer perspective of wssl
networks, where a packet that cannot be successfully ddcode
is registered as an “erasure”, and the probability of sisfaks
There is a growing interest in the study of the capacity efecoding decays with distanéelhe interference is modeled
erasure networks with constraints that reflect the undeglyias the finite-field sum of received symbols.
physical layer [1]. One of the primary techniques used to Our proof technique can be outline as follows: We provide
study such networks is network coding. Network coding wag information-theoretic outerbound for the transportacity,
first used to achieve the multicast capacity of determmistinding it to be linear in the number of nodes. Next, we show
wireline networks [2], and was subsequently adopted toystughat, for a random network, this linear growth in capacity
deterministic networks with broadcast constraints [3]d ans gchievable using routing arguments. Thus, network apdin
multiple-access constraints [4], [5]. In conjunction withis can at most provide a constant gain in performance for
effort, wireless erasure networks with broadcast cong#s4no random broadcast erasure networks with an arbitrary number
interference constraints) were studied in [1] with indef@mt  of source-destination pairs.

erasures between nodes using both random coding and randoffe paper begins with a discussion of our system model,

linear encoding techniques. the broadcast erasure network with additive interfereie,
Interestingly, a significant emphasis of the effort in this d section 11. Our main result consists of two components. In
rection has been on studying unicast or multicast transamss section 1l we show that for an arbitrary distribution of
There is great interest in multiple unicasts [6] and mutiiEe  goyrces, destinations, and node placement, no matter how
multi-destination networks, but these problems are tylyica«clever” a master planner may be, the distance-weighted sum
particularly difficult to solve. The presence of interfeterand o feasible rates grows no faster than linearly in the nunater
broadcast constraints complicates this problem evendurth nodes. In Section IV, we show that linear growth is achievabl

To get a meaningful handle on understanding more genejigla random planar network whose area grows linearly, thus
configurations of erasure networks, this paper takes the ap-

proaCh of determining the transport CapaCity of such ndtwor_ 1In [10], we applied a similar model to the wireless erasurisvagk model
Introduced by Gupta and Kumar [7], transport capacity istroduced in [1].

|I. INTRODUCTION



maintaining a constant node density. In the following, we will assume that; is zero, that is,
there are no erasures of the complete received message at any
node. Because we can only lose information with complete

Consider a network of. + 1 nodes, each with a transmittererasures, the upper bound obtained with this change remains
and a receiver. These nodes are placed on the plane with hid. Since we assume that the receiydmows not only the
sole constraint that each node is separated from its neighbsymbol, but also the channel state for all the channels which
by a distance of at least,.;,,. The nodes are indexed by theterminate at nodg, defineY*(¢) to be the vector consisting
variablej = 1..n + 1. of both Y;(¢) and all channel states;;(¢), for i € 1..n + 1.

The network containsL source-destination nodes pairs Assemble the random variables into vector notation as
(s1,t1). We desire to reliably decode each of théndependent follows: For any subse$ of nodes, consideX s(t), Xgc (¢),
information sources, each available to one of the sourcesi0d’sc (¢t) which are defined intuitively. Define matricd$, (¢)

s;, at the corresponding destination naget the rateR,. and H»(t) such that

Let d(I) be the distance between the source nedand
destination node;. The transport capacity of a network is the Ygo(t) = Hi(t)Xs(t) + Ha(t) Xse (2). )
supremum of the distance-weighted sum of reliable rates Theny*(¢) is the collection(Y (¢), Hy (t), Hz(t)).

L Define V(t) as the received vectolt’sc(t), under the
T= sup ZRld(l) (1) situation that the nodes i did not have any transmitters:

feasible{R1,....,RL} —
= V(t) = Hi(t)Xs(t) ()

II. NETWORK MODEL

where the supremum is taken over all possible sets of source-
destination pairs. Also, defineV*(t) and the collection ofV'(t), H1(t)).

Because of the broadcasting requirement of the wirelessDefine X” as the combined vector of aN (¢) vectors,t €
medium, we can consider the network to be a complete gragh?- Similarly defineX§, Xic, V7', V*', Y., andY .
in each timeslott, each nodei chooses a single symbol OverT timeslots, we wish to transmit messages from some
X;(t) from the finite-field F,, to broadcast to all other nodesset of L source-destination node pairs at rate@), / € 1..L.
Our model is an additive-interference erasure network mod&he """ source-destination pair has source nodé) and
similar to that studied in [1] (with the addition of interarce) destination nodei(/). Let W.,; be the vector of messages
and [5]. Specifically, this means that in each timeslot, theen Whose source nodes are $hand whose destination nodes are
j receives the suny;(t), where in S¢. Wsc will be the messages whose source nodes are in
S¢, regardless of their destinations. All messagggl) are

n+1 . .
independent of each other and uniformly chosen from the set
Yi(t) =7(t) D hi(0Xa(t). @ Ty, Y
= Lemma 1: If a set of ratesR(l) are achievable, then

In Equation (2), they;(¢t) and h;;(t) are independent (over
both indices and timeslots) zero-one binary random vaegbl > R() < I(Xs;VIHy) (6)
that take the valu® with probabilitye; ande;;, respectively. s(l)es,d(l)es”
We also assume that after receivirig(t), thejth node knows o some joint distribution(z1, 22, .., z,11). Further, this cut-
the channel stateg;(t) andh;(t), for all i. _ _ set bound evaluates to the expected value of the rank,)in

The erasure probabilities; are modeled as an increasingy the random matrixd; multiplied by lg g.
function of distance. The decay parametewhere0 < o < Proof: The proof is based on the work of Xie and Kumar

1, will determine the critical distana& over which successful [8] and the text by Cover and Thomas.[11]

transmissions are likely. Let the erasure probability B8  “siarting from the fact that the rate across the cut is equal

two nodesi and j located distancé;; apart from each other {4 e entropy of the messages that go across the cut:
be

€;=1— a%ii = 1 — e~ %ii/d" ©) T Z R(l) = H(Wcut) @
s(1)es,d()esc

The event that the entire received sum at jHe receiver is
s = I(Weu; VI, HE, HY We)

erased has a given constant probabitify We assume that

there is some maximum value ef which is independent of + HWeu|VT, HI', Hy ,Wse) 8)
n. S I(WcuﬁVTaH,{aHgaWSC)""TET (9)
I1l. UPPERBOUND where Equation (9) comes from Fano’s inequality and the fact
In this section, we show an upper bound for the transpdhat
capacity of a broadcast erasure network with additive inter Wewt — (VT HT, HY \We) — (Ygg“7 We) (10)

ference. Before the main proof, we will prove and evaluate
a cut-set bound for the sum-rate of reliable information floforms a Markov chain. The messagés,; are decoded from
across a partition of the nodes. knowledge ofYsc, Wge, HE', and HY .



Returning to Equation (9), the steps continue is zero. Thus, the value off (V' (t)|H1(t)) is lgq times the

B ) T 77T number of linearly independent elements of the vedfdt),
= L(Wews; Wse) + I(Weuis V7, Hy [Wse) + Ter (1) 1 other words, the rank of the matri; (t) in the finite

=0+ H(V*"|H ,Wge) + H(Hy [Wge) field F, times lgq. Taken over all possible instances of the
— H(H§|W5c,Wcut) — H(v*T|H2T, Weut, Wee ) + Tep  matrix Hy (t), the cutset bound on rates across the cut becomes
(12) the expected value of the rank &f, () timeslg q. [ |
= HWV*T\H] , Wge) — HV*T|HY ,Wews, Wge ) + Ter Now follows the main theorem describing the upper bound.
(13) Theorem 1. The transport capacity for any broadcast era-
<HWV*T) = HV*T|HI ,Wu, Wsc) + Ter (14) sure network with additive interference with + 1 nodes

subject to ad,,;, minimum separation constraint and decay

Equations (12 and 13) follow because messaggsand parameter is less tharCn, whereC is a constant depending
channel states,; are independent. only ona and ;.

We’'ll now examine the second term in Equation (14). Proof: Lemma 1 gives us a cut-set upperbound on the

H(V*T|H2T, Weut, Wae) total rate of information flow across a partition of the netiwo
T For a network ofn + 1 nodes, we will define and examine the
= Z HWV*)|V* Y Wews, Wee, HY) (15) rate bounds acrosg: partitions, defined as follows.
t=1 First, we will assign a labeli;,i2) to each node. The

distinct indexesi;, wherel < i; < n + 1 are assigned in
order of increasing x-coordinate. When two or more nodes
share the same x-coordinate, arbitrarily assign the ordler o
those indexes. Similarly, assign each node an indeéx order

of increasing y-coordinate.

Define S to be the set of nodes with labels such that
i1 < m, wherel < m < n. Similarly defineS?, to be the set
(VY Wee, Weus, HT) — Xs(t) — V*(t) (18) of nodes with labels such that < m, for all 1 < m < n.

is a Markov chain, sincé’(¢) = Hy (£) Xs(t). We can now examine four rate bounds:

HWV*(t)|Xs(t), Weut, Wee, HT) (16)

[M]=

>

~
Il
-

Il
B

H(V* ()| Xs(t)) (17)

~
Il
-

Equation (17) follows because

Thus, « Let R be the cut-set bound on the sum of rates from
T Z R(l) = HWeuy) the sources ins". to the destinations 5" .
s(1)eS,d(1)eSC o Let R’ be the cut-set bound on sum of the rates from
T the sources ir§”. “ to the destinations it .
< ZI(XS(t);V*(t))_i_TET « Similarly define R, and RY,’ as bounds across the
=1 vertical partitions.
T
=N " I(Xg(t); V(1) |H1(t)) + Ter (19) Finally, let d", be the horizontal projection of the distance
=1 between the two nodes whose indgxare m and m + 1,

since Xg and H; are independent, which shows the firs?nddvm b_e the vgrtical projection of the distqqce bitween the
part of the lemma. Now, examine each mutual informdl°des with index, of m and"z+ 1. The partitionsSy, now
tion term (X (t); V()| H. (t)) which equalsH (V ()| Hy (¢)) _represent/_erncal cuts a_nd theR;, are bounds on the rate flow
sinceV(t) is a deterministic function off;(¢) and Xs(t). in the horizontal direction.

Maximizing the entropy in the vectoV is achieved by  Using this notation, we can bound the total transport capac-
making all of the elements inXs(t) independent random ity of our network as
variables uniformly distributed over the field, and observing

that L
H(V(t)|H1 (t)) r= feasibles{lll%p Rp} Z Rld(l) (21)
= H(Vi(t)|Hi () + H(Va(t)| Hy (), Vi(£)) + . . e
+ H(Viu ()|V™N(E), Hy(t)) (20) <> ody (Ry,+ R+ > dh (REL+RE) . (22)

m=1 m=1

wherem = |S¢|, Vi(t) is the received symbol at thg" node
in Sc, and V*(t) is the collected vecto(V; (t), ..., Vi(t)).
Each term in Equation (20) has a maximum valuel®d, We will only show the derivation of the bound for one of the
and, given a particular instance of the transfer maffixt), four sets of cuts, since the analysis of the other three siéits w
if a term can be written as a linear combination of termise identical. Let the portion of the transport capacity mbun
with smaller indices, then the conditional entropy of treatt  corresponding to the information flow across horizontakcut



(data flow in the positive vertical direction) be

T, _Zd”R“

=2

(23)

E[rank (Hy,,)] (24)

and it can be shown thdf, < Cn for some constant”
depending only oni,,;, andd* (see, for example, Theorem

3 in [10]). ]
Thus, no matter how one positions nodes and assigns sources,
destinations, and rate-pairs, the total transport capadita
broadcast erasure network with additive finite-field irgerf
ence grows no faster than linearly in the number of nodes

whereH?,, is the random matrix describing the erasures whigh,

take place between transmitters and receivers on oppie s

of the partitionSy,, specifically

Yo, () = Hip ()X, (1) + Hy,, (0 X5, 0 (D). (25)

IV. ACHIEVABILITY IN RANDOM NETWORKS

Our proof of the achievability of2(n) transport capacity
follows from the work of M. Franceschetti et al [9]. We shall

Precisely computing the expected value of the rank of summarize their prior results of which we will make use and
random matrix is a difficult problem [12]. However, to linBar be more precise with the exposition of those changes that are
bound the transport capacity of the broadcast erasure retwgarticular to our model.

with interference, only a simple bound is required:

The authors of [9] examine a Gaussian interference network

Lemma 2: The expected value of the rank of any randorgf size \/n x /n, and show that for a random matching of
matrix is upperbounded by the expected value of the numbgjyrce-destination pairs on a uniformly randomly distiéiol

of non-zero entries in that random matrix.
The proof is obvious.
The entry[HY,,]; ., (t), for1 <j <mandm+1 <k <

set of nodes, a per-node throughput capacity(t //n)
bit/sec is achievable. The main idea of the proof is to divide
the network into horizontal rectangles and show that thrite e

n+ 1is a Bernoulli random variable which tells us whethetjghways,” or disjoint paths which can be used to carry data

the transmission from the node with label= j was erased from the left edge to the right edge of the network. Similaaly

or received successfully at the receiver of the node witlellalinown density of vertical highways also exist, and this mafsh

i1 = k at timet. Thus, if we defined;;, to be the distance paths transports the information from sources to destinati

betweenthese two nodes, the entry is non-zero with prababilrhe network operation protocol has three parts: A draining
%k, The expected value of the number of non-zero entrighase, where data is routed from source nodes to the highways

in Hlm is therefore used to bound

R, = (Igq)E [rank(H,,)] (26)
m n+1
<(ggE > > 1 0 (27)
7=1 k=m+1
m n+1
=lggy_ > o (28)
j=1 k=m+1
Thus,
m n+1
T<lqud”Z > o (29)
j=1 k=m+1

Now, let d;,,, be the distance from thg’” node to the

Ith closest node across the,, cut. (Note that this is not

necessarily that same as the distance betweenjtheand
(m + 1)t" nodes.)

- d2‘ dmzn
av man (1) _
Z}_z + = (1) - =

djml Z (30)

The bound comes from packigircles of radiusl,,,;, /2 into

a semi-circle whose near side is at Ie@f;j d} — dpmin/2
away from nodej.
Thus, Equation (29) is upperbounded as
+kdfmn/

< (gq)a mm/zzzdv Z V(Zm, )

m=1 j=1

(31)

a transport phase, where data travels along the highwags an
distribution phase, where the data is routed from the highwa
to its final destination node.

Theorem 2: A random broadcast erasure network with in-
terference can achieve a per-node throughput capacity of
Q(1/+/n) bit/sec, and hence a total transport capacitQ of).

The construction of the highways and the routing protocol
are identical to the procedure in [9]. Our contribution is
determine necessary conditions for the required rate to be
achievable in our erasure model, and to show that those
conditions are met.

Nodes are distributed according to a Poisson process of unit
intensity on square of area. The total area is divided into
smaller squares of side-length and a horizontal “highway”
consists of a collection these smaller squares, each camgai
at least one node, which form a continuous path across the
total area.

Our proof proceeds as follows: First, we will show the
analog of Theorem 3 in [9], namely that there exists a rate
R(d) > 0 such that a node in our network can transmit w.h.p.
at rate R(d) to any destination within a distancg using a
TDMA scheme on squares of side length-urther, asi tends
to infinity,

R(d) = Q (d—%—d/d*) . (32)

Next, the network is divided in horizontal slabs of constant
width ckIny/n/c?, where the parameter is to be later
determined, and consecutively assign highways to slalesn Fr
[9], Theorem 5 we see that w.h.p., each node is at most a



distanced < v/2cx1n % from its highway. Substituting this and that there may b@(lnn) nodes in each square, we see
d into R(d) in Equation 32 and appropriately choosing that the achievable rate in these phases is

we find the rate that one node in a square of side lemgth —djd* . 9 1

can transmit data to the highway. There may be as many as 0 (e (1= Piny)d = (Inn) ) (37)
In ¥ npdes in a square w_h|ch will have to share th|s rate. —Q efﬁcnln%/d (1nn)_3 (38)
Transmitting data from the highway back to a destinationenod

(the _dlstrlbunon phase) is the dual problem, and therefore _ 0 (n‘ﬁ‘:”/?d* (In n)_3) (39)
possible to perform at the same rate.

In the highway phase, we note that each node is no madke long as we choose
than a distanc@+/2¢ from the next node along the highway, .
so each highway can carry data at a constant rate. There are \/icn/ 2d" < 1/2 (40)
no more thanO(y/n) nodes in any slab, so the highway canvhile keeping
devote al/+/n fraction of its (constant) throughput to each A >In6+2/k (41)
node. As long as theR(d) achievable in the draining and
distribution phases i$2(1/y/n), then a throughput of rate
Q(1/4/n) is achievable. In summary, there ang2 random
transmit-receive pairs, each providing a réel //n) over a
distanceQ(./n), for a transport capacity di(n). V. CONCLUSION
Proof: Assume that nodes in the network wish to transmit We have shown that the transport capacity of a broadcast
data to destination nodes at most a distadcaway. We erasure network with interference can grow no faster than
will say that the transmission was successful only if botlinearly in the number of nodes. Further, we have shown
1) the symbol sent by the transmitting node was not eras@rt in the random extended network case, linear growth is
at the receiver and 2) any symbols sent by simultaneousighievable using a simple routing strategy. We concludg tha
transmitting nodes are all erased. We will operate the métwdor random multiple-source multiple-destination broasteaa-
in a TDMA scheme WithT" = (kd/c)* timeslots, where: is  sure networks with interference, network coding provides n
to be determined. order-wise improvement in transport capacity. Future work
If the intended receiver is at most a distantdrom the includes showing similar bounds for a model where the eeasur
transmitter, then it is at mosl/c squares away from the trans-probability decays polynomially, instead of exponengialiith
mitter. Under the TDMA scheme, the nearest simultaneoushcreasing internode distance.
operating transmitter is at leagt — 1)% — 1 squares away,
and the 8 closest transmitters are all (at least) this distan
from the receiver. The next 16 operating transmitters are &l A Dana, R. Gowaikar, R. Palanki, B. Hassibi, and M. EdraCapacity
d of wireless erasure networks|EEE Trans. Inform. Theory, vol. 52, no.
at least(2k — 1) — 1 squares away, and so on so that there 3 pp. 789-804, Mar 2006.
are8i transmitters at least distance @k — 1)d — ¢ from the [2] R.Ahlswede, N. Cai, S.-Y. R. Li, and R. W. Yeung, “Netwdriformation

to fulfill the requirements of [9], Theorem 5, a per-node
throughput of Q(1/4/n) in our random broadcast erasure
network with interference is achievable. ]
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